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ABSTRACT 
·-~. 
... 
·ne. multiple choice fnteger programming probl~_m_ i-s :Qn«t~:"for .which 
·:P·t~J!:tl_cal applications frequently arise. A compu:tat"i.ortal procedure 
,. . '~-·· 
w.ht·ch ·opt"imally sQlves problems ·of th.is- s·tr:uc:tu-re ls: de·v.eloped by the 
• 
·cha.racteristics of dif~e·reh.t t.YPe:s. ·?,.f 'pro.bl.en;rs w±thtn_ :the mul_t:i.p-!e· 
.,;,:·: . 
. c·ht>1ce · cla_si. ''rhe method· ts p.rim:arll:y a. branch a_nd bound. procedu-re· 
:whiG h ·1n1p.lic_i tJy enumerate:s· .all o-~- th·.~ .p"t>:s s;L h le. (O-,_ l) .combina·ti..o·ns . 
-~ 
. ~· ~· . 
. r 
i ......... 
:t;:rog:ra_mmtng. algor.ithms· .o.f B.aJ~fs, a-.s· :moq __ i!ied by Geo.f.fri°'n .a·nd L.emke---
Spe'i lbe.rg :us·Jng $ jJC;:t·y .. ~antlomly-. s_e lect·ed te·st pro_b.1.ems.. The: 're-~t.il ts 
.... ·~. . 
t:ha.n (fit_h_e,:r Jif- the. othe:r· two· tech.n-i:q·ues·· e.ve.n· f,or- srtfall _prob:i.ems- and 
. -. :- .. ~- ·.~· 
· p~qom_e$: .i'nc.i:-_e$s:i:"ngly ni'ore:}~-:ffl:cie·nt a:·s ·th:e :p·ro.bl.~m size inc.r_ease.s. 
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Io. INTRODUCTION .,·. 
. 
A linear progra~ing problem of the following :ge·ner-al form has 
.I·' 
,,. 
·b~-:en. encountered in several appli<iatJons: 
.. 
K L 
Minimi.ze. z =. L L 
i=l j=l 
C.. . X1· ·J. l:J . 
·s.ubJec:t t:o t.he .restrictions; 
:(l) 
(.2) 
L 
L j=l X . . 1J 
- 1. 
.;z,j: 
,.all x .. · . ~. 0 or .l .• 
. lJ 
' 
•-: 
for i . .:...:.· 1:, ·2 ,.: 
.• ' 
.. ~:.-
·'. 
.'~---
. .. ~- ... ,. K·. 
-... 
Restri.ction (3) plac·es fh"is -.pro:blem :i.n. t.he ·re:·aT,m o·f int.eger. ltnear·, 
. . . ..; 
" 
The proble111 ·:ha§«.-.J~ls:o ·~·ett .called. -a :·dt:sc.re:.t·e _p·ro·gram_mi .. ng·: 
J>:rop_le)n bec~·u.s"t:~-- ot.~ .. .t.he .. irit-~ger re·strict.ion bµ:t· is rj.J)vi· more· sl:mp:{y 
• r, . 
r r-
te:fe.r:red t.o ~.s· a z-ero-ort~·· tnte.ge.:r pr.ogr~·mm-irig 'pr·o.b:lem·. .;.: 
. . 
.... . 
Restrict:io·n set (l.) is a, s:et of :constraints n.ot ·normally·. ·fou'nd .. i·n. 
" . 
--- --- -- - -
·the. ;ge:n.e(rJ1l zer·o.:..one intege,:r progra.mming· pro·bl·e·m .. ·J,t, is importan·t to 
. . -· . !' . . . 
. ... · .. 
npte that any __ f·e.-asi.b'le solution to t·he- .a·b,ove prob1¢m·'=w:il1 have 'one 
··/ 
and: only' '..on.e. non:~.ze.ro va:r,iab.Ie· in_ ea.c.h cons.tra:tnt' of· r.estr.fctictn : 
·A· 
.set (1)-. Probl,ems h·aving this prop(?rt·y· and g~nt:?r·a_l 's·tructur~ }1a:ve 
' 
• .. •:· 
.. :.·· .. 
-·."."!'.' • 
../. ' ·: 
-=--~ . 
stra:ints ·of: r·estr-ic,tion s.et .:C.l) are c·alled· ~-qlttple-en.gi·ce constraints:·· 
"" 
• 
f 
......... -... , ..•.. ,·.:~ ---<'""?-~--·· - .. 
r. '-. 
\.· 
.. 
.. 
·; 
I 
i 
l 
' ; 
l· 
! 
.. ~ ---
II!' "\.a,,- .. 
-
... ' 
.. 
:·· 
,. . 
3 
J The problem may also be viewed as a gener·alized form o.f ·the. assign-
,.I 
·,· 
• 
. ;,: 
,. "i-. 
r .. 
-; ••• J __ ~ 
_.~--
ment problem. 
... 
Chapter Il .Qf this rhesis will present tlJ.e detail,ed. sJrtit:tute .. _ 
\ 
.. 
:of the multiple-choice problem· and: glve sp~cific exampl.es· o.f ~ppli.--' 
... 
cation areas. Ensuing chapters will describe and evaluate a compu-
_/ t.~1ttonal procedure for solving problems of tht.s·. :s.tructure. The 
" ' 
.rema.inder of this chapter is devoted to a b·r-ief re:view of develop-!. 
.. 
- . 
c.e .. eding directly t·o Ch-~-pter· II,, 
·.ci_.,· 
.. . 
categories·;: ·"mi.-x.~:ci" in.teg_er 'I?;r!)bl:enfs:, :Eirid "··p·u.r.-e'! inte-g~r _probleinp . 
. 
Mixed i.nte:t.er problems :a·re p:ro:blems i:n whic·h.,,·only $.Orne ,of th:e .d·ecf.sJp1:1 
'1 .. , . . • ~ • 
·:.{. 
._. Thi$ '.~hes.is :is ·c.once··rned ··w;tth: }1,n- ii:il.porta._ri~t :-subse·t :of· ·the -pu_r·e, .iJi{eger 
pr.npi,.e.m :iJ:1" \vh1-ch a 11 'crf t·h~ ·dec-i,s ion 
.~ 
·t.talu~,s: ot. et~t·her O or l . . ... 
. ' 
"'' 
vai'~i.a b1:es a.-r.e re:st:ri c·t·ed t:o 
d: 
·~ 
programming p_rob1em: .. .is to· solve ·t:he- :p.robie·m. '·as: a ::regul.a:r·'-~ine;ar pro~ 
gramming. problem .neg.TectOi_rtg the co_nst~a.int tha.t the ·v:;3r-1-a·bles · rri-u·s-::t: .-~··· 
. pe integer :.a.nd ... :then: :ro·und}ng tbe .. s·olution obta:i_.ned irfto -iJ;itsger ·val4:e:s-~ 
.. 
su:ch a·n_ a.p_p~oach t:fstf~lly le:a.d·s·:to· s.e-v.eral. compl:i.cati'on·s:". · Fir,sf: .it . 
. ·« _,. i._.-,.'t' 
is diff·icnit· to. oetermlne whtc·h va·r:1·aJ.Jies: should· be .rounde·d u.p art~l; 
,-·.;1,. 
... 
. ·, 
. 'f' .• 
/ \ 
----------
. -
· ... :· 
·~t_. •.•• - ••• 
,;, '': 
·<) 
-~ 
-.;.(' 
. •. 
•. 
..... 
.. 
... ~ .• 4 
,, 
i' 
.wbl'Ch down. se·c .. 6.nd, -~fter .. _rourid.ing is accomplished the solution niay 
~ 
not be .feasible (i.~ert -one -0r more constraints might be violated)~ 
Thirdly, ~- rfeas:ihlre· r:o:unded .s·olut ion may- st ill not be the opttm·a:·t 
int e ge:r ,s·o1 ilt ion·. 
i_ '," 
'· . . t· wits· riot d·eve1oped un.t.il 19:·58: when. G.omory .intr:oduc~d' .his; :met.hod .f=or 
.~·. 
.. 14 f:·i.nd:ing :inte:ger .soiut.ions: to ·1-1nea-r, .pro··g-ran(~: , · • lt .is :interestin:g 
,. 
:people tho.ught: th-a.t. a =g_e:n.era.1 ~~·'(ho:d ·of -sol_v_:Lng . .inte·g:er :p.~ogr~Ii11n-inig . 
. ~. 
p.roble.ms :w_as se.l.f·~e:v.i:den:tly. i~p.ossi-ble. Ip th¢ .. cleca_de· _Ef-1.h:ce· fh.i.s 
,\ 
,. 
' :rhe· best know:1t a·rtd pr·_opably inost of.t·en used: alg:,(iri thms for. the· 
pµ-re intege_r :progranunt•ng· pro.blem a.r·e th-.e· two: c.utt-in_g :plane· .. :ted-hn.·~qUe$· 
:p·r·oblem U:Sil1g regu•-la:r ·1:._nea.r pr·ogramming.- an.d· th~n ·che·cks- t:6 se.e if 
. .,. 
:fhe s.olut.l.ort sa·tisf'ies. ·th:e jnteger constrain.ts•.·. · l'f the s .. ol.u:tt.on ·1s: 
... .; .. 
·not· .alt, :'ipt~ge:rs· art,.ad.:ci:'i-t.ional constrai.I)_i:: is. ad.ded: to·- 'th~ :Prob·Iem. "· 
'.6 
l 
:tn:fs _ -ad.dittorial c.onst_r,aint is generated: usi1\g ort.e. 9:f: the· _:.f;rac-t.ion~·-t., 
variables· in the so.lutt--on-.. ; The effect t.s a c·ut -int:(>. the·· feasible, <1 • 
:r' 
,:-.:, 
.. _'I· 
... 
regiqn' which e1~imina:te-s. the present no':IJ·-ii;lt:~ge:r :solqti:o~ f·roni f.urthe.r 
. . 
corisidera·ti.oni wh'ile· ·not= el:iminat ing · an.y: ~ f-eas:-ible ·i_hteger· :Solu.t ions . 
. The. :pro,blem i'-S· thett.-~es.ol-ve·d fl~d ·the~_ro-cess '..¢ont'iriued· ·unt:i.l a pµre 
.int·eger :solut·.fo.n, i-s-- obtained .. . . :The ·m_aj_'.or· dif.f.icul tie$· in usi-r1g thfs: 
·' 
f. ····< .. 
. r····~ 
~ .. · ... 
--- ~•I>. ,, 
' 
•4 
-~· 
•• 
l .. :: ·, 
. •. 
·.~· 
'.__ 
.. 
5 '· 
. ' 
·.i-
.· .• r!'·~ -· • ' ·1.. .lr;u.. '" 
·t ·off errors can :pctur .. , -(~) th~ :s:tze of t:he pr'oblem may be greatly 
,.. 
increased due -tb the numb~r- of additio~al constraints adde~, and (3) 
,- .. . ' .. ,.. ~ 
• 
the rate of co~~erg\nce to an integer solution may be very slow .. 
...---
Gomory's second algorithm-.~ khown· as th~ ~11-lnteger· al_gor-ithm,. 
. · 15 
-w:as int:rod~uced· in 1960:· -·_- .. 
} 
. 
··t.p..is· met:h:od: h·as tJ1¢ ad~v:a:n:.t ~ge,s o.:f ~-.lfm1-
.... 
nat·ipg '·t-he· roµ:nd.~of:f p_rtl.b_le111 and o:f .b¢_I:n_g ,_a .. bl_e: ·t-o :d\is·ct1_fd: ea:Gh c:on·-
.• ,, ,.J 
·$-{ra-:Ln:t a-:f'ter· h.avi:ng -:use:d .it... The rat'e of: c.onv.e·r:g.e.nc:e :of· th.is· method 
·"-":"' 
, .. 
1.: 
.. 
may al:so be. slow. A ..n addtt·.ional di~.adva:n·t-age ip t·ha.f: :the .-qJ1_a·1 simplex·· 
met1hod ts us:·ed there.ficire .al.1 .:fti:termedi~:fte- s.:o.lut ±o_ns a-re ·t:n .. fe~s'lble. 
. . . · ... , . . . . . . . . . . - . . . -· " . . . . .. , .. ' ' ' . . . .. . . . _. ·. ' ... ·. 
If t:h_(:1 proc.ess is termin.~ted be.fore the- optim·~l. int:eger· sol.uti~_on is: 
' . 
.,, . 
t_ot1·1'·d,- tb..e. _irtter19edi_c;1te _s,.olution ts of :little or no -value· .• : Res.ul-t·s 
·-~ 
/ ' 
o:f. q .. qirip:.ut.at·l.onal ex_p·e.r-t:ence .. us·.tng. the:.s.e. two al:gor.ithm-S: c:·a,n t>e· :fou·nd 
'' 
. - 2 ·2s· in: teferen·c.es: su-c.h- as :B:altns··ki and. Traut:h and. Wools_e_y · . 
. ' 
~ .• -~. 
A second· ntaJ,c>,r ap··proach t·tl t:I:i¢.: solution 9f _i:11teger· _prqg_r·amm-trtg 
problems i·s t·he us:e of t'he· bt··~rnch and. t>qt1_n.~l meth9d !· .()ne. sti'¢A te¢h~ 
·" 
. 
:, l, 
. ~.. ~( . 
e:ar pr:o·_g.r:anun-ing: s-oll~tion to--- tpe ·or'iginal pr·oblen( is. obtafne,d'~ .If. 
:•,. 
• • f 
-.t:.h:is sol.uti.on -d:·oes n.ot sc.1tisly 'the integer· ·c;oristra:i_nt ,, the b:ra,n·chi.ng 
~ 
' ~ ' . . . . . ' 
:p-ro·cess is p:egut1 v(itl:( ~he v-ft~~ie of tl'l:e' ob·J.eqttve ·fu.nc.tion. servi.ng. :·as· 
.. 
·,-
:a b .. o:ttnd on: th¢ value ... of ·the optimal ipteger solution.. -Eac:h· :branch j 
·' 
'·. 
···· ·o.f the' t:ree --·f:orce.s· ·a s·pe.cific :variable to ·take on ·,an inte,ger v·a.lue·. 
t I 
within its ··pbs_sfble: :ta'nge .. 
I 
· ·The p~oblem is res:o.1 ve·d a_t e~rch ht>:de of· 
.. 
i' 
- ' 
Jh'=l: tree: 8nd· a neW bound on the o~i ve function is .Obt8inedJ The· 
prpces·~- i~s· ·contintf~:q until :a f·e:as.-ible i_ht~ger soiutio.n ·whf:c.h (!an b:·e 
'' ·.·.,..·~.- ' .. ·-
.. ,, :t 
'•!1 
,. ..... ,. 
,...;. 
.... 
··~ ', 
( . 
. , -_. 
~ 
• 
. .. ·~==~-:~·-_-;.=-···-:::-
/.· 
'· 
. •~ ...... - '-:": 
( 
-·-• c•r-<;,C- · 
-·------~·- .... ,.--• ·-~---~ _.,•_+--.• ~•'--~"·'•-·"=·;r·-;--..-,- _,.~.,,...'.-- .... ~•- . 
• 
·-" 
'· 
1 
_ .... 
j 6 ' 
shown to be optima} by the bounds is obta"ined. The main appl_i_~tion 
of the Land and Doig method/ems to be to mixed integer problems 
where only a small number of the decision variables are required to 
be integer val.ue.d. c· ~' . 
. .. One of thEf e:~1.:r:l-iest al.gori_,thn:is. ':for: the -z~ro-one · :int:eger. pr_o..; 
wa:s,: desi:g_ne.d ·$pe·q-if'i_cal.l:y· Jor 1:fie mtil t:iple-choice prog:ramm.fng. :P:ro-
•. : . .-~ .. 
.. 
a:iit ',of- <1·0111:ory'··s c:ut.tfng plane c·ons·tra1tit :i.s .adde·d. to. tije prolllem- an9 11· 
the. new· 11neJ1r p~ogramming proble·m is ·solved-~- ''f.he· pfo.¢ess i:s- c-on.-
.· tinu--~cJ: u·ntt.1. thetdecision .vari-:~ble$ bec:ome- a·r]:J_:itp{tr:tly close. t·o 
:z'ero or· one~ A proof o·f ;th·is :t~c-hniqu·e -do~_.s :not e:x'ist a··nd o·nly 
-~ ~:~···-:-
·, 
o·ptimal or near,~o:pt.fpial s-o1.u·tio». to: the .z.e·r:o..;.o:ne. ·in-teg~r programming: 
:PrOble'Jil+ •, Thef _als_o -ail. ma.ke: 'Use b·f fl ·re·gul·ar l.i.ne~r pl"<Jgrammi:ng s·o~ "'!',, 
l.u:t'.itJn at ,s.ome. stage·. i:n· the pro.cess:-. . · 1 · , ·. · . . 12: 13 Balas _aptj~Glover ·' havQ 
\ d:emonst r ~tte d ; . . . : . . . ·. ' ·br- t{_se of ·a .n~Jn_b¢..;r _of numer~cal pro.bletns,. ·t:hat a·-n·~o.p-
'timal soluti.on to. ,the z-ero~on~: 'integer. prograillmit1g ·pto.ble·m ca11 be - • J. '' • ; • -:. ~ 
. 
•• 
• ' • 
.• • ; 
~-
·oJjt~~:(ned wtth :C!bns;ider:a-.bly ·1~s}i~ c.:omp.iitati.on, -t;h·an ,r.equired of m_eth.ods ,· 
USi:ng: -the ~;.~f:i..na·~-y: Jinear program· (w,ithoU.t fhe zero-jj_ne const'ra:1I1·ts):, -~ . 
. 
by "te:chn-i.ques w·hi-.ch .at.ta.ck the ·?:er_o~one :prool~m. dfr.ec.tly :Without 
., 
·-····.:· .. 
i • .... 
·ti. 
,· .... 
r .. , 
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'l 
.. 
. • 
.. 
,· 
.. 
. 
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:A- $lgriif"icant and pioneering contribtitio)i to the zero-one 
i:nteger _programming problem w~_ .. made by Bal~(s1- in 1965 when he 
tl' 
.. 
. . . p~blish~d his additive algorithm. This tech·nique demonstrated the 
..... ·. 
-capa.bili.t.y of $·9lv·ii1g ·zero-one :problems with less computatio_n than 
requir:ed .o;f. ~ethods .usi.n,g_ a ·.r.e:g.u.lar li.ne,ar: .. p·rqg;r-~mming soiu·tion and 
, I 
g·av~ i)npet.ti·s to- the· 1·a.rge amq(fnt of ···w·orik ·\\1hich has follow-ea. The 
a1.'gqri-J-hm is enumera t.ive in n_ature. and: e·mploy·s a·,, te,chhiq.u,e .c.alled 
·,,;, 
imp).ici.t: enumeration. 
• ~be m~tbod con~of 
of feasible solutions. 
This i:s .e·ss0:-I1tt~11:y a br-an.g:h -a.nd' bo.uri.d -appr:o·ach-~ 
a s-ys·'t$nta:t.ic se.a·rch ·of the combi·nat·orial tree: 
.:.':"\. 
-On¢e ·a. ·f.~asi:b1.e·· solution is io.un·d, a: boi(hd ·1..:s-
----i: 
"\ 
establi'shed on t-he ·yat_iie o:£ th.e obj_e·cti-ve function.: W-fth- the ·aid 
.. 
. o.f. thi.-s b.ound a)1.d cert_ain: infea:sipil ,i.ty· tests, each b_rft:r1ch of th·e: 
.. tr.e:e i:s. ex_ami"ned ·a·na is ·determined to :be -eithe·r ,us.ele~s .f.o.r f--u-.rther 
:,;-.: 
:s.·e2tr.c.h· or a p_bEisiole -sour.-c.e o.f· ·_a-11 impro.ve:d s:oll1-tto.n.-._ ·T:he· .searc:h then: 
(l.. 
c·ont·i-nu·e.s· .. -~}c)ng the-. ··desir·able .. 1:;>r:an=ches and tern)-inates wh.e:n. ,all :pqs:-
"· 
-sible: sQlUtf.9.;ns,. have beefQ. t.mp1 icitly e:numera:t..e·d. A. :m:ajor featilre. 
of: t:hi·s algqr}thm_ · is: that .. it is ~9.mi~:l.~_tely addi t:.:i:ve_:, s..~ ·,that __ r.~41.)ci-
off err-ors. aJ·e avo-ided:~'. A..noth·e·r 'tea:tu:re :Ls that· a>""solution- (n·ot 
'\ 
rtec.essarily· opt'imat) ts usually :found very q-ti-it(kiy., ·thus :·a .fea~.ibl~ ! ~ . 
s.ol·ution -i~r usu~lly· a.v-a:·fl:ablEf i.'.f the· proce.s:s. is ·$t.op;pe.:ct _·shbrt :o·f 
:, ..• 
- .;. . 
. . :, 
' 
.. ,pr·oceclure fo_r· .exh.a.usttve ·s-earch:-· ·T·hi-s· ·proc.ed\li~e. gr.e,atly reduced the 
L 
..:st·:orag~ requt··rementS: o:f· tl;ie. algor.ithm ·and imp.roved its ·etf iciency . 
:~.- ;,,..; 
.•-.: 
. -. 
., 
!11 
,, . 
.. 
.f· 
z, 
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.. .,, 
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8 
(Glover's algorithm also employed 7he idea of a ttsurrogate"' constraint 
I . 
which is d~fined as a positive linear combinatio~ of the constraints 
in th~ -0riginal problem. Using this coristraitt~ ~ " " surrogate pro-
• 
b:lem. is .formed. Glover s.hO\\[S ·thJ~_t. ·when ~n: optimal solution is found 
'· 
' 
f-or: ·this· new problem ·that is fe.a.s.ibl.e- .f·or the original problell) f.he:n 
. '':; . 
i~ i~ also optimal fqr _the :or~ginal problem~ 
-
,;, 
:# 
Geoffrion11 C:Ombin~d ·th.e ba'clct:rac_ki~g ideas- ·.(j{i ·GliJve:r· w.ith B.a:la.s ~ 
;1 
orfgina_l algori1:hm and iricorporat.~d some st·~_qrige_r tes.·ts th:·a.n th'e 
• It· 
ori:g~,nal -al_.gor'i.t:hm ". This rest1lted· 1.1f· a more e-ff icie.nt ve'rs ion re,-
gtfi_ring ·m.uch. le.ss ·.storage: of :_com_putattons .· :An excelle.nt desc:;ripti-9n: 
I 
· · · · .• '· · · · _ · .• · . . . · . 11 o.f. ·thl:s a_lg·or:l.t-hm :can. be found i.n the. :article by .GE3-offr1on . 
·:L· e·_· ... ·m··k.·_e·_ ... a· -n··. ·a·- s · 1·b · 2·3 ' 2·4· ·· · ·t· h: · · "" · ·a t. _:_.h··e· ·.. ·· d.d · t· ·· · · 1· · · · th · f _pe.1 . .- .e:rg. ·. , · ·· syn · e:~1-z,e :a ... 1 _1ve a gor1 m o 
:IJJlJ,a·s: w'it·h a·n· eye toward compu.:tati.onal :f=ff,i.ciency and minimal 
>·· $tor~ge .requt·rement·s·- l.n -t.hts· ·methqd··a state ve:ctor ··.i:s defined 
t--·h.a.t -records which -V~lr.J'a:bl-es: are: .. f·ree to .be a:~sig~:ed a. val.u_·e .of O 
'_'.'.•:.,,_.• 
·. · ... , .:'! :,.. 
:,or· 1. Maintenance··· o·f the: staf::e -vec.tor is: prJntartly a boo·kke·ep'i:ng· 
·.'\ 
,\··operation. indic-ati.n.g: Wl1.:i.ch .s·oluttqrts are )fet t:o be examined withi-n 
• 
t.he tree str1.ic.t.urer ........ A subset' :of'" .t:he f:ree variabte.s, called ·a pre:.;. 
... ·:. .. . 
-. . 11.,: 
f~·rred s:et, is: defi-n~d :by· tq.e:nt:if.yi;ng· those v.ar.iables :wh::ic_.h,, .. Wl{e.fl:. 
set· .~.CI. ·ual t·o ... one., tould: ca.use ·the .const:r_q.i:nt:s .to tend t.owar.d f.e:asJ-----
. ... ~ 
"" ·. 
}fnd Sp.e.-i.l.berg23 indic·ate·s that: t}l,ej..r aigorithm: i--s g_enerally somew·hat 
_ f_a,s·t.e·r -t:ha.n t.he· Ba.l:a s• · :t:{Lgo.rltbm· .as.' m.od-i.f i-ed :b_y· Geof'f·r'l.o.n . 
t-~ .. ·.-
·-.·.:..,,. ,. 
. ,. 
:, . 
··-;-1. 
., 
. . . 
. , ... : ·( . f~:·-~- ·.,,. ·,-."·,···.::-1~~ -=~· 
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;J 
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··.•. ,:J •. 
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.. 
Balintfy4 developed a special purpose·algorithrn for planning 
,. 
ho~pital menus. The menu planning problem is a multi~e choice 
, 
. programmin~ :p,r:oblem. Balintfy' s technique :i~ e_s$eh.tially a heuris-
tic method wh.ich can obtain near-oP:t.}.ma).~ .. sol·.utiqns to the multiple_- ,,. 
• ...... 
.,___ --
-
.cho.lce probl·em. 
-~ 
... . .... 
- - .... · · ·21 · -· · . 
·1awler anq. BeJJ ·. .n~{\(e· =a:Isq .deve:l.qped an· :a.l;g:o·rt·thm: f=or·· solving 
.""': {he general zero-oh.~ iJ1t'.e·g.{f,r.':program~in.g· ,p.roblem, howeve.rr th~:.:tr 
method d
1
oes not cOniI)a.r.'e favorably with an_y of the other algorithms16 . 
• 
... .. . , t··1" ·2.,5,.9·.,10,16.',23,26' 
~n .ma.~y a.r 1.c ·es: - · . 
.. ' . .. '. 
Tht.·s e:xp·et-ie.nce.: has shown· that 
the .algorithms o·.f· Geo:ffr.ion .and ·Lemke and. Speilberg ~:re q~ite pro--
rtiJsfpg c6mp,ar'e·d wtth: .the gt:he·r·s; · .howev.~~-, .v.e~y lft t:L·e S·UCCe_s.s· :has 
·oee:i1 .r.e.po.rt:ed. in. s:o1·v:Lng ,l~.r:ge p:r·obl,ems· (rnore: th,an~_ ·vart·a_bl.e.s). i.n 
. ~ 
. 
a tol.e,r,able am..e>u.n.t. of' ·time tlsitig: elth.e:.r o·f these· methods .. 
-. .... "· .. 
. \ ry..> .• 
· ·1nt~tge.r· P.r:ogr:amming~ ·and· :z;ero.-.one·· .integer· prog·r-a·mrnfqg= tn partici:i{-~-r· ~ 
:_A;_rt a.;tte111pt .was, m~d·e· to.· pr-e.sent. t:he. m,aj.or tecnniqu~rs' av-a,11ab.le to.day- .. 
. ' 
:Fo.r =.a_- more·:_- com.p:re·he-ns-iv..e .revfew:. of the .stib.j.ec.t; the· ·s.u:rve·y pa·_pe-rs of· 
-.~ 2 -·3 . 4 .. ·- 2·2 
·· M. ,;.L. Balins'ki --., ·, E·. ·M.-- L-· llea:le ,. L,~wl,er an·d: ·woods \ ~1.n·d Que, . .-· 
. .,.- ·~ 
.· . ,· 
:Alt.hoµgh two. techniqu.es :h .. ave been d~velo.ped spec{.f.lc.all.)i. to 
. ' . . 
_:deal· W'i th the mul.tt.p• l,e· :cho.ice .· ·p· -.rob lent, neither ot.·· the:se m_ e. thods ·can 
. ( 
. . '! ... 
. :. 
~- .:"· guarc;1n.tee .. a.!J -opti.mal -sol ut.ion. ln aqd:tt:?on ,. the' a1g:ori t-hm of .. B~:1 a:s. 
7--
') 
a:s mpd-i-fied· ·oy Ge:o.ffrion a:nd {h_e bem·ke..::Speilber.g :a1g~ri thm ... ha:ve bo.fh 
compa~ed very favorablyl 6 w.tt.h· otber integ~~ progra~~ing techniques. 
-~ ~- --~~ --~ -----
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' ~ The purpose of this thesis then is t&pf~$e~t a proposed procedure 
for optimally solving the multiple cho:i.ce integer programming pro-
blem, and evaluate this procedure whe.:ti compared to the algoritpµ1s c>-:f 
.B:~Jas and Lemke-Speilberg. 
,;:, 
... clever enu-· 
-'merative scheme .. s 
·~·· .·•. ·-~ 
:;k--rj.own metho.ds: -Q_f .$0:litrti.o.n'·' .. The procedure ·to· ·be p·resen.ted ,in t:his:· 
·', '\ 
._rnethod :and employs the, b.-a<cktracking td:e.a:s wh:i_c.:h have bee:n: :usetl: -i_n 
.:s.ome. j(J;t:ni in _all of tne ~I)t1merati·ve ·t:ype ·of· algo.rtth_m·$~ I_ri t:his 'I\.· I 
B.efore pr.es~nt±ng the C'omputa,-t:i,onai ,pr:o:ce·d:ure: J:t ·-is best· to-
q:Js·cus.s the detafleo. st..r,uct::Ur~- -pf ·t1;l.e .niU1tl.:pl.E3 ¢hoice p.r.oblf;m and 
-~ 
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'.·II rr STATEMENT OF THE PROBLEM AND APPLICATIONS . . . . . .
.. 
•. 
'The problem under inv~,·?t{g.a.tion in this thesis may be· st'ated 
:s:ymbo.lically as follows: 
K L 
Minimize z - LE· 
i=l j=l .. 
C . . X ... 1J .1J. 
. 
subject t6 the constraints; 
(l) 
...... d 
.an., 
(3·):· 
·,. 
L 
L 
j=l 
X . . - l . . , lJ 
.. 
a·11 ·x.. . ·.:;:, o: or· 1 . 
. . . ij 
,:.._ . .; ~- - . - - -
t,,..,. 
"' 
... 
for' i .'.~-. J ~. ·2::,: •• ,.: , .. K· 
. (c.., 
, ... -. 
p·:rqplem inste,ad ,o.·f a. rninlmizat1pb>: pr.oblem-;: ho\ve.ver·,. fuo.st of- fhe· ·appli~ . ~ . . 
C:cl°(:Joris encounter·ed 'ha.Ve been min·tmiz·ation problems W:ith ,ali :cost.· . '• -. . . -.~: - . - -
-~-
~--¢0E! f-fi ci eJ].-es ~sitive. . In addi tio)l, the inequality s~gn$ of con~ 
s:t:raint (2) .~tre s.o.mewhat arpitr.ary:; in a given pro·b·le_nf :(h~·re: m.ay· b·e 
,• 
i· 
4i: 
·tn.e _ f.o lld'w.~ng .. :a.ppI·icat tons· ~d· ·exa.mp·1e.s· :$.e·t:v~.- .to,. i . .l . .luos.t·:ra:-f~ :how: 
-~. p:ra.ct:ical prq.J;>lems of. t·his strUGture c,an arise. tti ·real ·:sit:uitt.:f.ons· 
(. .-,,,. 
~ ~ , and., to'. il~u:st·r.ate· tl;le :d~tail~d' ~;truc'tu.:re- of mult:fple· c·ho:t:.ce program;'· 
- ,{:.) 
I 
• 
·<:),., 0 
:~;· 
--. 
·~ ~ rnanufac.turer of a certain type of 'j/>le is face·d \\',ith the 
: .. 
.~-
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\· 
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Ea-9h order for cable. must be processed at a " 
. . ' :following problem. 
\ 
,sing le ,plant locaf-1.oI?, ._ ... - There are- L plants and K orders to be allo....a --~·-··· 
' C'at.-ed to these p·la;nts.: Eac.h: plant is capable of processing any ordeJ~';._ 
T-be- manuf.actur.er· ·\fishes· to·. -~s·_sign .orders: to the ·p.t~nts in such a way· 
that. total costs are -~,-,:i.Ji1rtiize1d. To: )let· ,up this p·ro,blern., 
Let 
.. 
-·------:--c-. -.• 
X .. 
. . 1J 
r· 
if order·'· i is p-rp'c:es:se:.d ·at· pJ.:ant: j' 
otherwise 
. cij. = the cost of pro __ ducing order i :at loc:a'tioli j_;, th.clud~1.1g._ both manufacturing and transportation costs 
.. v bj: = the capacit-y, in. feet of c_ab,Ie, elf -pla~t j fb_:r the t.-ime·, 
-·· .period b.eing considered 
a... ::; 'the size: of brae·r . .i in .·.re.et: .of·· cat>.·1~ ... ···'1 
·Thu:s ._,_, t-he . ·p,ro.b lent ·may . be expre-s.s~(l as·: 
.. 
_, 
(l) 
·'II .'':- (2) 
· and 
(3:) 
' ······:, : . . . 
L 
~ 
j=l 
K 
i=l 
K L 
z_ L 
X .. 
1J 
i=l 
- 1· 
a 1. X .. _< b_J··_ 
·1_J 
·;, .... 
C. . X .. 1J 1.J 
.fo::t· 1 - .I_., 2 
. . ' ._ ........ ·:"· ,, K 
f.o-r j ;;_. l. , .. :2:', •. ~, , ·L 
,;::,, ,:,, ' 
;_'"!· 
-~ : 
-· :·_\ 
.or 
... 
~ ....... ·...., 
("I;. 
-~ 
l 
0
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The. first set of constraints (1) guarantees that each order is 
·:processed at some plant and also guarantees that each order is filled 
only oncf. The second set of const.raints (2)- a.s:sures that the· capac-
i.ty of :each plant is not viola:t.ed. Other con~traints .. may be added to 
·the p=roblem as, required . 
. 
Assume t·here .a-re_~_<?tder:s :to be: ·.assi,gned. to 2 plants. This 
snia.1.1 h·ypothetical proble.m then, .ha.s 6 vart·a.bles and 5 const.rain:t.s ,w:it·h . 
t:he following .struc.ture:.: 
Minimize 
st:1bje:c t to r 
XII-+ X'12 
.al :X11 
and all~- - o~~ 1~ 
. . . . ·.i.j' 
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:x +:· .x2_·_._··._2-· 
····2:1 
'+:a.· x: 
····2 2.1 
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. _::_. ;: 
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.+ a .. ·x 
. 3 31 
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·- 1 
-- 1 
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f.·b.2: 
Thi~ · pro.b1em can be st·mp.Iy st:;ited.: as one ·in· W·h±c·h K j·obs. ~r~ to · 
. ~·- -
-cost· func·tion• such that llQ ,m·~ch.i-ne :base'd' mat.e:ri.al based'· or time. 
.;'• ' : -~ 
... -bas.tad r.e.soµrc.e .constrairtts are v·iola:t.ed: . 
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each resou·rce is set by management over some time hor~zon to insure 
·ope rat ion of the shop for some deman4 level; how~ver, for the pro~lem 
• r 
.ft 
:a.t hand, ~~c.h tesource .does np.t- ·pa.ve to be ~t the. same leve-1 for all 
t.i_Iiie periods wt.thin the S~h·e·(i1ri.ing horizon. 
·The :pro:.1;>letrr i:s tct find c1 schedule for s-tart-i:ng joJ>:s {.hrqti.gp a 
ar~: ·v.i_ql~:t:e:d:. To. -set thi.s p_rob=lem ·up fo.-r :sol:u.tion, Jet 
·.·L: 
. '. 
' ... 
-- the to.tal nwnbe·r of JotJs ~,,aiJ:.abl~ fo:r.· .. s .. cheduling. ·ctu:ri_ng 
t:.l:ie ·planning· horiz·on -
-- the. tota-1 Dlurtb:er Of_: :t.i~II1e ,perJ.q:d·,$ ill tJte- :pl-ani.J.:ing horizon -= 
hours, days,· 'w¢e·k:s , etc •• 
. _xij ={ I if job·. i···.·is ~sche_duled to; l>.e· sta-rt.ed ·i:n t'i.roe. ,:p-erto<l j·,: 
0 otherwi_$e 
. Itl . b .. · -
,· J .t:he 1e·v.el of ·.resource m ava:ilable :!'<Yr q.~fag~ -dµring time 
'pe.ri·.od: j 
m --
. . 
a,. .. -.- ·: ·t·he amo:tint of ·;re.soJ:1-::rce· :m :co-nsumed- by .. ·.-_ J'i:ib ·1 i,n -time: :p·_ ~-rti):d LJ 
... j -. 
:,· 
li_a·s .. t;he ··,fol.lowing: math·ema tic·al fbnriulatio.n: 
·--~ ". . 
K L 
· Mi.nim:·fze 
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'· 
:y, 
'\.s .... 
L-
. /. 
-· L (I) X. • 1J 1 for i. -... / l , 2: ,_ -•. -._ • ,_ ,Ki 
j=l 
.. 
K~ . 
(2) 1 -.1 a .x < .b ij_ lJ . J· for j ~ s1, 2, .·L·· . ..: . , i=l 
o_ 
• • 
• • 
\ . 
'\_ • ·• 
K 
L ._&._ m < -b-m a xi_j __ J_: ij .•f·· ...-o·---r·· ;, .·' •, .. .:J·.: .~. j,: _._., • ; L. 
i=l 
·1: 
and 
. · ~· . '. 
·::·•;': . : . 
(3::) ·a11 x , __ · -_ :O or· 1 .. 
. · iJ: 
Since-- t·he ·c.-. in 1>he_. ob·J·ect1._· __ ·:_ve fun ___ c __ :·ti.on is associat_·e_d_--wi_t_·n t.ime._., . . -- . . .·. . ' 1J .. 
-lt =i.S.,_ ,t.rsually t·ake·n ~s a. pen_alty- c·qst for finishing a jq-J;j= ·1ate:. .I:f.. -~ 
de-f.inlte shi __ p=_·_.p: __ ·ing date·s are· set for some J·obs·, then, ·the G . . c0.ul·d 
. ~- ·-1.J 
/ _ ... 
a).so .. r~pres.e1tt:_ ~q i:n-ventory ~olding cost incur·r.ed if .a- j:ob is finish-
'1/1 
.. . 
e::d· .ea·r:Iy. -G_onstraint set (1) insures that each job .is :s'cheduled and 
is $c-hedu).ed only on;c-~ while const.raint set (2) assures that avail-·; 
. ·"' 
·- .:~ 
-: 
.able_ ,,~1r_esources are ·~·not exceeded: .. 
. . \.. . 
. . 
·~-
Consider a small hypoth~ti.eal pro.bJe·m. _in :which 4 jobs are to be 
... 
. 
·scheduled tq start sometime during the next 3 time periods (days) o· 
• I 
Job·s ! , 2, and __ 4 may start on any day, but _job 3 -cannot be sta:r:ted 
r 
·-
'untt 1 day- 2 due to a known nq~i-availabilit-y o·f· material. Jobs 1,, 2, 
' 1,,., 
.. . ' .:V' ···4" 3, and 4 are due for shipment on da·ys 1, ·3, 2, ~nd 3 respectively.· · 
The penalty costs for late shipment on :jot>.~ i·s 6-for.one_. da-y late .and 
,, 
.... .·4 
... 
•• 
. 
I. 
. . ~. 
'i:· •. ', ,._~ 
. ~-. 
.. 
.. fi. 
';--
' . 
': !· 
.• 
. .. 
...... ,. 
'· 
/ 
,. 1.5::;_for 2 days late. For jo·bs 2_;,,: 3:,_. ·and 4 the penalty c.ost· :.for being 
1. :cJ~y late in shipment is 9'; :8, :an:d -~.2 respectively... .Jobs 2 and 4 
a.J.so inc,ur· :an inventory ·holding co:st if they are :flni·slre"d early. The:-se:. 
·qp:st:-s: are .. 4· ~nµ ·5 per day resp~c·t.-f:v:ery, . 
. . Qnly 1 feso1..(rce is invqJ v:eg i-n .. the ,p:ro.e~ ~:f$:itjg": qf ·the·se jol>s. J·qb s 
" 
1 :anr4 ·:$ :m~y .b.e finish:ed :iri i day· :and u-se: .:J: -~P.d: .2. tuiits of t:he ·resou.rc:e 
f, 
r.e:s_pect·i-v·ely· ... ·J"obs 2 an~d .. 4· ·, ·'d.ue to. the techn:ology· o.f th·~f~· .P. rocessin_g __ · } 
. . 
:o-p¥ra:tions, :Illtt-st pe p·rocessed. 0-\re·r a. 2: _day period:. Joq 2· .r.e.quires 4 
·• ·<• • 
un:it s: -of the _re.source. on :tlte :fi·rst day·· o·f proc:ressi-ng and :2 untt s on 
the :S$co.n.·d_. day.. ·Job· 4 :req:uires 5 units ·of :the· resou·rc.e. on· the :d_ay· 
:it-: .i.s. st:arted and 6. units. on t.he fQilo.wi:ti'g: :d:a.y. 'Th·e.re are· 5. ·s· 7 ,,-
.. ·,. . . ' 
t:iV.e1y. Since: :Jo-bs. :2 an.d 4 re·quire 2· clay's ·to: proce:§~: a._nd. :ma;y· .. run 
---: • .c .. .' 
into -th.e .fourth d~Yi ·t·he tota.l :planning .ho,rt·zo:n .for t:his: p·ro--b·lem i:$: 
.,. 
- :~·-
'f-}J;~ :f'.crtmu.1-a:tio·n. of. th:is iPtoblem. 1-n :f~P:~·e:;iu :fcfrmat is: a.$ ::f:"o.}1.ow~~;::::· 
s.·. u_.bJ··. e.c:f to-~-
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.-·tlit:s ··e,xa~ple· illustrates· the structure of the job scheduling ~ 
. 
~ p_-ro.b.'lem with sc:~r:¢:~- resources and also illustrates some of the varia-
t.fo·n.s which may o¢cur in the mode 1. Much. work has be.e~. don.e by sta~f· \ 
" 
" 
members ~f the· West,ern ·El-.e.ct.ric .Company's Engineering: Res.ear.ch: ·Ce~t-.e):~ 
•• in formulating ·the .Jo.b· ~.c,h~q4ling: ·problem and inve·s:tigatin·g 1inet·hod$ 
for.its solution. It~ .. is p:rimarily t.o.w.arq. t:he s.91.utton of· this. Jirop--
lem tha'.t t."hi.s t:hEfS_i;$· .·IS directed·. 
b. ·.· ·w ·. . . . .. · .· . . .. 29 : y ·agner, G:1/g:110, and G1-ase .. r .. · ·· 
problem pre:sent.ed :here .. 
.\ 
'rh.e.- p_revent:tve .. m_a±:n:t.~n~n.c.e . sche·ct.ul-· 
'I 
· )\·ppl'J9a tlon 3 - :1\1~:q_u: _p·.:i-anil±ng: 
This problem has arisen· in .the plan}ling .of non~selective menus~ . 
:for hospitals ·and cafeterias. • The me.nu pro·b.Iem· ts· concerned with 
., f.ind'ing. t·h~ minimum cost· combin,·~t.ion of :me:n.u it)~ms: ·s.u.ch that e-ach 
.comp_op~ilt· ·qn th.e menu· -!9.r. a day .i·s r.ep-r:e.sen.t·efd by o.ne:· m'.enu- if.em· an.d ·· ,. 
fhe total nutrient contept ,of the.~eni~_for the cia'.Y is greatf:)r than o:r . t· 
. 
. _. ~ 
:~· 
eqt(al to: the. nutritip_n~.l :requirement.$:,. ·,· 
l~e i1;ig ·ma.de fr.0111 :a ba:s:L.¢ .re.ctpe . 
-~ 
. 
-~ 
-The' co·st of each menu i'te.m is .d·ete·r-·. +·: . ·~. 
. .... 
:' .,__ ., .... ~ . .:. ._ 
.m.ined' from: t·he :cost of the i.nd:ividu~J ingre.d;ients tn the ·r~-.c:i.pe.·., 
~ 
--· 
Appet:izers', en·trees, desserts_,· -etc .• , :~r.~· .cal.lect:·,,menti· -¢qmpo:nent·s. ·-:.The> 
·c. ttlenu.: fo,··r· a -day 1S made Up of· ·a- number 0£· menu· C:Ompo.n~Ilts: where• each 
.;,. 
m'erfu. component c:'an be 1\~presen~d by ori_~, -o:f a .n-umber :r>f 'menu ±.temos.-. 
' ..,, ·c·: 
'"----
·, :···· 
:··· 
i ., .. '. 
I 
.----------- -
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, 
1'!;:f'' 
' . 
·~~ 
' l~· 
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f j . 
r 
l 
I 
I 
I 
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r. 
. .f 
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.. 
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. 'I 
.I 
is: 
·Tel :formulat.e this problem def·:i.~e: 
.,,.· 
C·. - the cost of .:m~p:µ. i:t·ein J· 
J :~ 
~ 
.  
(~.. -Min.inrf·z e. Z 
. · .· ..... · ,··. - .. C . X .. 
J 1J ........ 
. '· 
•' 
. ' 
(1) L X - .1 ij f. . ..... c>.r. l, 
j 
(2) L 
j 
a. > lJ. Jm -.. ·,··m: . .... :•.• 
l 
and . .,_ 
"l,. 
-·all x -- 0 or 1 • 
.. . ··~: .... ij 
.. 
Cql)·$t.ratn·t set ( 1) guaran·t~e.s that ea¢h· menu .c:omponent is·· r¢p.r:e·-· 
$,en·ted by some ·menu item while ¢0bStritint set. (2) a$~-ur.~$ ~·hat··~ 
,~·.. - ... 
:i1titritiona:l require-mer.it· is· met. Cbn$_id.er a .hyp_pthetfc;al · P.~oble.m 
'-.'.. 
_invo.lving._ 3 :menu c:ompo:;nen·t s •. 
. " 8 : ) • . ·. 
1 ' 
·Component 1 ma~b~ represented by· menu 
.II'· •• 
. 1 2· t.tems· .,· : , o-r 3. 
. --~ -\ 
6 an.d· com·poµe·n:t 3 may tie re:pre:sen·t:~d by ltems 1·-·;·~·s., o·r 9 .. 
.. 2 n11trt·t".1.onal requi.r.eme.n.ts:: t'o -be met. ~ This menu planning problem. 
.--~· . ·---
<;,_ .• ' 
then. has the· fdllowi~g st.ructure· (shown in 'tabJ.eau fonn)-:-~ -
.. .4 .· . .<9· t 
.. ... '. 
·'!·. ., .. _ 
.•, ,;· 
- -------;~'«-- - -----~- --- - - -----.-----~~ ---- -
/ 
·, 
:t. 
-~ 
.,, -.... 
,,i ·.11 
.. 
·-
I. • 
;-Mi_n. Z -
subject to; 
'\ 
:.0 
. -I 
I 
1. I ·1: .' ·. 
.• 
1 1 1 
l l .1 
;. 
a;_ll :a.2i :a~ll ,a41. ·as:1 -~·5::1 'g71 as1 ,ag-1 
.a_12 'a_2·2·. a.3:2 a·,i::2 ~52. ~6-2· a72 a82 a92 
·- l 
·.1.: 
~. ~-
I • 
:> 'b: 
- · 1 
> b:2.· 
- . 
fo:r.· ,a :de.tailed .aiscussio,n .of: t_he :rnenu p·:1an11ing: .problem.~ .. 
.. App:1J·9at{9r1.·4 ~- Ass·em9iy Line Balancing 
... I 
• 
.. 
• 
... 
The· a.ssembly line balalJ,eing pro~1em exists Where a n~b'er of 
.. 
t·a>sks .ni1.tst :be:: ·p·er_fq:r,ne:ci.. sequentially with· 6ertain ·{asks preceding 
·-
other t·a-sks. A{.t::t10.itgh tht s probl_em h.c.ts be·e.n: f·o .. :rnrt1:l.at~d in· .many-
. T 
cl.:if:fe·rent f:0;;~1s , .. the .. formulat _ip-n ·presente·d h_~'r.e: .:t:s dti:e: t:o '. :Bowman··(>· 
,~.. . :·~ . . 30. ,• 
~n.d White·.··· · Gt.ve't1 .-an outp~t rate .(such -as:· 3 UI1_1t:~-"pe.:r h·o:ur) tq fl.ow 
';"" 
· .. f:r.oin ~the assempiy line, f.,he JJ:roblelri 'is to' _:de:t~rin.in,:/ ho·w· the t-ask-s 
~ 
~. 
,-: .J .• ~-- • 
·ttt· . c-a:n be ·groq·ped: ·and .ass.igne.d to· s:tat ions -so t,Aa.t·· -~ mi.J;1imwi1,_:nµm.~·e.r· of 
:~ 
.s.t.a.t_ions is. ·requ,ired .. 
. ,· 
a}, senip]~y: ··.· .. ,. - -. --=:--··;,.,_-:· ... , ... ._:/ 
.. -· .__. 
-.;., ' 
. .">,, 
. ,~· . -: :: ~• . 
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. l,,...._., 
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Task. 1 mu.st: precede task 2 which must prece·9e tasks 3 and 4, etc. 
I. c. ; J -f/1'· 
~ . 
·The number:s o_uts,ide the c:ir'c!les· repr·e·sent the time in minute.s required 
,,, 
·,.. . .. ~ to. comp·:lEft.~ ·e·ach t~,s~ .... - 'rlie s.UJI1 ·o:f· the tas·.k. ·t:ime··s· e:qua·1·s 7·5· mtnutes . 
• 'ti 
I:':f. 3. .. ttni-ts ~t-e :,r.e.qu=t.:fed. ·per :hour,. ·t·hen on·e .un.it roµs:t, leav.·¢ th~ li:h¢ 
. ~ ·. 
·, 
•: 
e.v:e.ry: 2.Q· minutes:. E·ac·h ·s·t.-ation .. on t.he· line then has·· up to ·20: rn.inut.e·s 
t.o· comp1et.e· it·S: :ass(gnEtd tasks.: :beft>r~ it :mu.$t. ·st:a::tt on an.other· .unit ... 
.. . 
. .. x·· 
·en(>11g·· h:. t:.·· -- '••· ... .Coi1sicle:r that_. 7·: $tat··io11s is: ani .u°Ffper litrri.t -·on ·the nµnfpe'r· .. o~f'. 
:~'tat.,:i):>'J:is. t·hat·:. might.: .be. required. ·T·he O·bJ::e_ct.i:v:~i Wi.ll .be. t.·o as·.st·gn t·h.e: 
~ 
r 
wt,th no tasks assign~:~. · 
• <-i? • • .. • • 
.. 'To formulate t.his p::r-o.J:>J...e:rn math~em~t'.:i.ca.tJ:Y, let· 
.. 
x .. ={l if ta.sk j i.s· a.ssi.gned. to st.at-ion· .i .. ,, 
lJ O ot.herwis~ ,, . ., 
·;, . . ·.:· 
f-. - time· to c.omp1e.te· taisk· j .. 
,_,.,,.; J 
·C ---: .. c.yc·le· t:ime: . 20 ·mtn.ut:es· ... 
·~ 
· . 
. :·. ~- -. -···~.:·· ... "".''-·- '; ,· .. ',':.':··--~ . - .. . j -- . - - - -
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The constraint-s ·a~re as :follows:.: 
7 
( 1) E 1 X ~:; ' . 
i=l ij ..•. : 
·,. 
,_ 
.,., 
\ 
f ,, . · o:r· ,J 
som.e.- station and is as·$.lgn:e.cl Qll~ly .on.c¢-. 
8 
(2) t J' · :X:· • •. ~: C 
. lJ j=l 
~-o·verloaded. 
{J) xl2· .:<- XII 
.X22 ·~: ·x11 
• 
• 
·• 
x· .. · 
.31 . 
•• 
._,; 
\ 
.\-_ 
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T:h:t.s ·~s.e.t ·of: c.ons:traiJ1t·s: (3) ~S.$Ur¢.$ ·pi'~pe·r ·Or.-de·rin:g ·o.'f :the: tasks.r 
. ·.; ' ' .. , . 
that i.s t.:hat· p;r~cedenc:e _r·etatio11ships :~r:re sa.tt.sfie:d. 
-· 
The objecti-'ve funct*on takes the following forin,::: 
Minimize .·.z: 
. \' 
·!)-
. 0 
. -----.:-.:_:_ 
·.•. 
co st1y, · ;thus .push:ing. the tasks ~as. f.ar -~c)rw:arc;i .as P. .. os.sib le·.... 1st at ion 1 
through 4 rnu.s.t · c.e.rtairll.y be used '-an·d nee·ct. a:ssume· no ·co.~-t .. -Qn:ly those" 
' ·'f. • 
,· 
tasks with. :rio suJ!c.eedi:ng t.=isks treed .positive c;osts .. :Jri.. ·tbJ:} objective 
. :fu11ct:Lon._.. T.he' na·tur¢ of . t.he _cost .ex_plos·tori l:-,- .14;. 196-- is· .t·o make- c,ne 
- - --·-· -~ ..-_-·• --··:..,~.·~-:,-. ,· .. -·· :.· . · ....... ·. · .. · - .. . 
..... · ... _·~-
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.unit ·of a later assignment more cos.tl.y: than the sum of .all prec.eding 
·station assignments. Observe that 1 > O; 14 > 10 + a· and 196 > 10(14} 
·' 
.+ 3(14) + 10 + 3. In this forin the objective .. function will tend to 
. . 
minimize the number of stat.ions on the line. 
The assembly .line o.·alancing problem as fpJ:,nil:lat:ed her~ h:~s the 
·w1t.h. t.h·e exc-eption of _co,n:stra.int .set (3). .• Cons:trat·nt · set. (3) wi11 
•"\._. 
• . 'f'l;,~_ ,, "· 
.• "i 13~$.ides t·he ap·pJJ·cat ions· g-.tv·en · .. ab.o·ve·., at.her ptob1ems. tr:f: "the 
tnuJttp.i.e <choice ·type ·11a.v~. b:e·e.n f.ortnulate.d .I;>:y: Healy .: 19 The ·reader· . . : . . ' . . -
m~·y ~J-so ·be ab:le to thin·k:: .of. qtbe·r ·problem.·s Whic·h fi·t iJi ··th.~. genera.I. 
c:h_osen fo:r ::s,t:ucly :b·ec.ause .qf. '.i.:t.s ·wide .. ~pplic.abilit.y , .. an.ct. ci·lso:· :be:causef 
:-, 
de·ve1ope.d to ·o·p·ttmally s.olve :the: rtrultip.le .c:hoice p:togrammin~· pr9b:Jem • .. . ···. . E"· '·· :. 
t'hete are--'b.as.iGally- f·our: ty·pE:i$: of· p·robletns. which :f~J~I .:i.Ii. th.:e . Q .• . 
•. i, '" t 
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The first -t .. ype· pf problem cont·ain·s :constr~:i.nitS_ of :the form 
• Ax< b 
~here all coefficients of the A matr1,cc l!l:Ild an components of the b 
·, . 
v~.ctor- are po·stt-iv.e. th~s: i:s ~- charact~_ris.t.:(~ of the allocati.on· p·rob-_ 
Iem (applicati.on 1) and J;he. ,job s.c·heduling problem (applicati.o·n 2) ..... 
The second type of problem. conta:i:11.s'. .constraint·s .of the- ·f.orrn:. I ..,. 
Ax> b· ·· 
wh,er_¢ a.11. .c.oe.ff ic.ien:t$ of '(the -A m~trix an:d .all colllpppen-ts of\:·t:he ·b, 
.. · 
This is primarily J ¢h3.rl!l:Gt~ristic of the menu 
-p.1-annin:g prq.b.i~m (applicatfo,n 3-:J .. 
... 
.Ax <- b· -and Ax- > b ....... - . 
. .. 
·WJ;re·re.,- ~ ... i_l co~.ff.ic.ten:f:~ c)f matrix: A and .. a-1.l GOmp:onen . .t:s- of V.~c.tot b' 
·~~--
a:ref posi.-tive-. .This type :bf -prob.lent 'c.a_n· ~arise whep .> ¢ci11str_ai_n.t·s a.re 
adde(J- t·o the ·orcte·r· alloqatj:on· or job scihedu.liirg-- p_rq):ll-ent, or :<. con·-
--- ~ - .- ~-
- -~----.. -
.,· 
:t~i'"in co·ns.t,raint:·s of· th~ for.in -~ • .. 
.• .. 
. ...... _,, ... 
b vector. Notice th~t. t·he: a.so-s:$-ropJ:y·':l"in-_e ·balanc-ing p·rq:blem has· this 
·y·· ... ··. . . .•
1;> • . ,, 
characteristic. 
.. 
The reason-· for d-i-ffere~t-iati~g among the· :four -types of prohlems 
. 
-
~~-~--1=-:_~: tp.a.t ea~ .. h: type of pro.blem: c.·an 1:re easily ·recognized prior to proc--
"" . . P~·-::~- ·-; ···-:~. ':• .. _ .... , RA ---- _, ~--:- ....... 
. .. .-
-¢-s.sJ:'ng_ a:n.d . a'dvari~_"age·,s· -=can: l)e- tatfen. t>f ··t:h~.- --Structure "-of -eac·h- :type· o:f . 
. 
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I 
problem during processing .. 
'!'he -next two chapters present a computa-
tional procetre for optimally solving eaCh type of problem, In each 
case the computational proc-edure takes advantage of .the sp.ecific prc;>p:-. ,.. 
lem .. st:rue.ture. 
. . c 
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III. GENERAL DESCRIPTION OF THE COMPUTATIONAL PROCEDURE 
' 
4 I 
The·purpose of this chapter is to give the motivation for de-
·····." .. '.'. "": 
ve.Jopinp _a_ computational ·procedure specifically desi_gned .for multiple. 
c·h·o.ice :programming pr-CJ:pleriis ,. ano then to present a general bra:nc:h 
and bound procedure '.proposed :for solving the mul fipl~: ch<ifce. liroblem.~-
.A-ny zero-o·ne intege·r linear· p·ro.·gr.amm.i-ng P:roblein· .rna.y· be :sta·t·ed 
as: 
n 
Minimize Z - ~ 
j=l 
subj.ect to; 
C. X, 
J J 
;,. 
A.x.>b ·,. 
atid a.11 xj . ·· .o· ·or 1 ... 
-.~-
Qb\ti·c)11s''ly· one· method· of s.o.1viztg ·ti).e: z~:ro--.o):ie- :i"nteg:er _p:rogrammtn·_~= 
proble.m :i:s. by· e:xha:usti·ve .. en:µ:rn¢r·a·.tion ·o{ alt ·the. ·possfble (0:,:1)· ¢om-
b:irr~t.io.ns: .. ln a ge:ne·:ral ze.·ro-otie .progrJ1mmtng ·probl.¢m i:nvoly111g ·n .. 
E·Ven: iti-. ,a s·inail 
····· · ... ,'" -·. .. - . ··· .. 
-·· 
solut'i.ons-·.- :The-re.f.or-e· :i.p only very t:r·iv:ia.l .proble:ms'. wc;>Ul.(:J oi1e. want 
•"- ·: ~ 
. • . • Q ·.C , 
. • t-o try expau~.tiy~: entun¢r.ati_'OP of all ·the :Pos.:"Sip1¢ c::-onrb.inEit·tot1s ~s· 
._ 
a .me:ans of so1trt.fon. 
. . ... . . - .. 
·, ;· 
.4. 
. "J 
L --
E · X. - . 
. . J j=l . 
·-·· ? . 
.. ;.,,· 
. 1 ~-· 
__ -·-i,_._. ..... , 
--~~.· .. ,~· -· - --·--~ 
-..... 
·;11 ... : • -·· ':!' 
., . 
! . 
. ;; .. 
. ,,,,.c... 
.· ,. • .. ,,.,, ......... _, -., _,_ ...... ' - .. , ... . :,, ~ .. -: .,_.' •' . 
t, l 
· .. '~-!i.-~,,_,- --M-~_,_. ___ _...,·'----""'.,,., ·-· 
• 
f.,  . . 
-~·. 
. _ __...,. ........................ ·, .. ..._.."\,..,. ... , 
-~-~ 
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.. Suppose there are K of these multiple-choice constraints· i·n. a given 
problem, each constraint containing L variables. Since pnly one of 
"' the variables in a g.iveri .con.straint. c_an. take: on -a v-alue of 1 and all ....... 
. . 
other variables In.- th.~tt constraint must take on a· ·val:\ie -of o:, the·re· 
are (~)or L ways 9f Selecting S()ine variable iil e.ach constraint to 
take on a "-~.-lue 6:f ·1-. ·Th·.ere.fore. f.n ~· _pr·oblem: ,contairiing K m.ui tip.le 
.. 
,, 
n·on~::fe~stble). S·up.po:s~ .~: :glve11 problem has 6 m_ul.t.iple, choic·e ·con~: 
·str:afnts, e .. ach co.-ns·t·ra:in·t hilvi.ng 4 variable.s. :_This. problem the-n 
~l~s 2.4 varta-,ble~· ~Jl_c:J. 46 :or 4 ,.:096 'l?oss:Lble 9om.bf.na:t tons as--·com·p·are~: 
.. . ... 
e· g;ra-mming problem. 
·Th.e. enume.r:at-i.ve tY.P~. of :algorit·fu.ns. fi ~.e . .t.hos.e: o-f' I3a.-las .a:nd: 
i i·~mke-.Speil·berg) ·w·tii.ch have. been· q_~veio·_p,e,.d: f.o ·d:atJ~: f·or zer.o. ..... one~ 
i:nte_g;er· _pr·ogr~mmfng_ ~pr·oblem_s. a·re ::f:or th:e g·en~rJ:tJ. ze-t..cr-one pr.ol"~l·eni 
. r 
and m:ust ·c-oris-:ldet 2·n: pos:s ~·bte cpmb'f·n~t.i.on:$ whlle -sea.rching for an 
, .. n:umber of. va··ri'qb1es in·: a ·mul;t.·i;ple·-_c:hoice prog:rammi.n-g Ptoblem is 
i ncreJ!sed '· I:t can. be seen from this, t'8hI·e ·th.at 2:n .1.ncreas~s -at --~· . . . . . . . . . .·. •,• '. 
. . . . . 
,""'-. . .. K . 
. a mU'C·h. f-ast·¢r .ri.lt:e than: q9~s· L · · a·s the.- ;num:b.er ·ot· va·rfab1~ i's in·~ 
-~ 
. : 'o· 
.creased·. Ther·e.fore· one w.oµ·t_d like to hav~. ij _met.hod w-f1ich optimally 
:. combi·n.atio11~. 
.._.;,_ 
i . 
only L K possible c.ombinatioris ·and. i~ clddi tion takes ~-d·vantag.e of the. 
-.. .:..· - -. -.-:.- . - --- - .. ~--.--~~--- -··-
.-.~ . 
• 
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- -, ................ . 
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·t 
'.·~-
-:. 
,,;i· 
,., :lo 
• 
• 
. ·, ~· - ' . 
. - ,: 
27 
S'peCific structure of each o:f the four types o:f ·problems discussed 
in th~ previous chapter . 
.. 
Ill disc[!ssing the computational procedure .it will ,be c,onvenient 
to express the multiple choice programming problem as shown on the 
p.·~xt · pa:ge.:.,. 
TABLE 1 
Increase :i:11 Number of Possible Cqllibinat :forts as· t,ltuitber O:f 
:Varia.li:les ts·.: J ncreased· 
-~ 
t. 
2· 
2 
.3_.: 
3 
3 
-4· 
4 
.5:· 
5. 
·g 
--
4 
. 
··5·. . . 
4-
5 
.6 
.. 7.· 
7-
'8· 
L x .. K :- n. 
8: 
-10. 
15 
·2:0 
.. . • 
-3':·5 
. .. 
4:_o· 
... 
:_.., 
8 
'l:p· 
.g:1 
1·:024 , •. . . 
4, .. 09·'6 
,' ' ·. . ·. 
... 
256 
' .... - .. 
l. 024 
- ,, . .. . . 
'.4.-; Q.9:6 
'..· 
·32 ... '768· 
• ... · . ,. •' 
.1,, 04a.,_ s1ti 
16: 7·77 .. 216: 
. ' .... ' .. 
·26·s. 435- -4·-sG 
. . ' . . . .. ' . . .. 
.. 
·· l .. Q-7:3 -'74:1 ,82:4 '. . ' . ,. ' . .. . 
3g: .. 3.59 . 738 · 36.8 
. . . '.. . ., . .· ·' ,, . 
.l{},f 
L = h.l'/:fflber of variables in a .inU'ltiple chqicg G.onstra'itit. 
·, K == numbe.r of multiple choice constraints A .. 
. ... 
n: 1·::;·· total n:umber of :v.a~_i.!rl?l_~~s 
- -~--,-; -· 
,, __ - - - -- :: ..... -.J.--- -
9-:JI. - ... 
.. 
. . 
.!>... 
~-; -· :~ ·~ ·.-:· -· ·--- - -· -
''A- _,.- .-,·- .• _,_-:,., '0-~'.f,.--< -...._.,.., .• -.~_-, .• •1-,11, --•----- ··--- --. < 
'\ 
-
• +4,~•1,- . ...,,...\""f"l-'tP,-• ~-~·~~~..,-~-·~ ............ ._.~Jlr ... -~::-,;._;:..;::; __ :.,..,,4._.,.,t:1•,.,;.,_ ~ •• •~-,.,~-~-........... -..- ... ...-.....-.+·- ~~-·-~•4W·II- - ---.---·~ -....... .-~- "" .......... 'J-··-------....... ,~--·---..-~'1,-.. ~-:..----·-·- ·-.. _--.,~ -~·:-~--~ .. ;.-.--.. ~:..: ~ .. ~... ·~--~--·---·-······-· 
I 
'I 
I 
\,, 
. ,. 
• 
. ·•, 
.. . ,.:. \ 
. , 
.. 
-
·~ 
n 
Minimize z E 
j=l 
_, 
subject to: . 
L 
(1) E 
j=l 
.,. 
.1 
·,. 
•;•'>:• 
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c. x. J J 
x. -· I J 
2L 
E 
j=L+l 
X. 
- l J 
.. 
... 
3L 
E xj = 1 
j=2L+l 
.. 
... 
"' ''!: 
n 
-~' 
- 1 :, x. J 
t ... 
··-:~ 
:(2:)- .. Ax< "b 
- ~:· .. 
· ..... ·.d . . 
-a.n ·, 
{3) atl .x .- - O .or l. 
,,] 
j=n-L+l 
I.t -.shoul.d be pb:s:erv¢c:f fht(t :t_,li~ 'ilfU.lt·i_pl:e. :cfh,o:ice c:·o·n-str.a.int$ (i) need 
st..rai.n't. _. The :·problem is state·d· as above ·.n1erely· f:p:r .notational con---
........ - .of'~ 
~-
··v~titence •.• 
.; .. ··. ' .,. . . . " 1 ' . ·. -
In t.h~e d~sc.ussiorf t:ha-t: .fc>liows, ·tbE~ vari~:ble:s in. ·a-· :_mult.t:ple 
· choi•ce co.n·straint .:will b~ Gall.e_tj, a set ot var·.ia·b.Ies:. 
---'-' •, 
t 
The .. ~:01u,t-·1'·on pro-cedur_ef''tQ b:e~,use.d, ls··' a b'ranch- ana boi.{nd-· pro-
~.edure. w:hich l~~ds to th:e ge·nerati.on of·· inf·o.r1.n~fion w·hJ-ch implies . 
. , 
L : . 
. . ~-, . 
,,. . . :. 
;_. 
', ~ •' 
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'i, 
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J 
that a large number 1 of possible solutions can be excluded from con-
" 
siderati9n. This suggests the use· of the descriptive term "implicit 
' 
enumeration''. The word implicit means that, while the technique.does .. 
not totally :~:h:umerate all solutions, the exclus_i_o:n. of soluti.ons does 
· not .ca:u:se a p_oss ibly optimal solution t-o be -i:gn,dr.ed !'- Flg_ure 1 shows , I 
... . . . \ -
--- . . 
a branch and bo.und framework .:f:o:r implic-i.t: ·entffuet~:ati.o_n of t:he· multi.p:le. 
¢.hoi ce pr-obl.em.-~-
·va.Ju·e· -of 1. A positive· nun:i:be;r ;JJ1 posit i.on J means t--ha-t x_j ·-:.a l 
..... 
tJnless -an initf,al feasible s_ol:utf on is knO:wh; w.e· inili-:alJ_z·:e: S. 
f· 
;_ 
· w:h:i.:cli .-ta_ke· -adv-anta·g·e o._f the pa:rti c.ular · prob·lem st ruct . ure .are us.eel 
g·toµp :_of va_·-riab.les ·cr~ates _permi.s'_sib.~~ b:ra.ncfhe··s :of the ~-01.u:t,io.n 
,. 
t.r:ee _. · ·we .1:1~xt t-r_y to: a,b,=fnd·9-n these ·br~nchfr~ ·ocf the sc1 utibn. ·tr~._e b:y. "' ~. . ... ,, . 
,·,,·_. I::--
. ·! 
,r$1tie: o,f the ·obj ect±ve f unct··ro·n .. 
" 
·' . 
"'~,.:,.,, ..... , 
•.:......:... 
.;, Up}es:s, a_· pr.ior 't1pp$r b-c~_und is 
,;,:,. If J11.t3 curr:e .. nt_ :h.r.aztch of the. s.-olu:ti.on. tJ:!;¢_.e .ca-nnot ,be abandoned, 
\ .... -. 
: .. :. 
' . 
~-- ". -
. ' 
• 
........... 
-~~- -,-
3.0 
S - (0, 0, o, ... ) 
: \ I 
Define T - (a tempota~y ,group 
of variable~ which are free 
• 
to take on a value of 1). 
\I 
.Ca.n these branches of the 
:solution· tree be 'abandoned? 
\I 
Augmen_t. ·s with some j .and 
its as:soe-iated vaflab1es in 
a set. 
. ( 
·-i. ........ ·. 
\ 
Is this a 
feasible 
-- solution? 
no 
.. 
yes............_ 
) \ 
._-; 
:-. : 
.backtrac·k· 
·-
.. ·-. 
Have all combi-
nation·s been 
yes "'- implicitly enu-
~ merated? 
yes 
Stop 
.. 
store t=his solut:±.on. as :·tn$ ... 
best y·et. f·ound ~-
-Set Z as an tipp,er bound. on 
current va·1u·e .-o:f ·· the- ob-~ 
j ect ive. f.unc.t ion,. 
---:..·. 
.. I 
-·-:----,"c..--·-~~ 
-- - --
-----=-~~-=-~- ---F'-lGURE- 1 
A Branch-and Bound Framework For 
Imp1icit Enumeration 
•. ...!-
·,·, 
' 
.-,___ 
,~ . 
• C 
... 
.. 
·-·· .:, 
' .. ~ .. " 
\ 
--~---· 
l 
__ ;_.;._ -·--·---· -. -:.- - -- . --·· --... ~ -·--------- -· -. --··- -~ --····· -- .... 1 
.'.6" 
. ~.. . ,. 
.we select some variable j :and· .augme:pt ·s with the selected variable 
·\ 
and its associated variables in: a set (multiple choice constraint) . 
·ifhe selected variable -~~ s.et eqtlal to 1 and its associated variables 
, 
a~e set equal to ·O • :Rules· which 'de_p.end: upo.~. -t:he particular problem· . -.,~-- .... 
.. 
:s.t.ruc.ture ar·e used :;for selecting th:e v·a.:riab.l_e. t:o be assigned -~ 
v'al·u:e of. 1.. We next check to s·ee 1f the· :r.es_l)lting solution ±s-
:'!' 
feas.i:ble'.. J'f· ":it ,:.i.$ ·n·ot: ·fe-.as:ible we determine a· new te.nipo.r.at~Y _.gro.t(p_, 
............ 
T o.f' th,e re.nta:::fning: .-free varial:fles itnq pto.ceed. ·"'as before .. 
Jf t·he $oJtition is fea-$ible it_ i.s: ·:store.d' as ·t.he best:- :s.oTuti:on 
.-
• ·y.et ~·ou~d an.d tbe.- upper bolind Z is upda.:ted. :We· n:ext ch·e.ck. to see 
b.ac.kt-r·ack up ·s·ome: ·bra·_nc;:~, of the · tree.: by· s·~tt-1.ng ·s_orne·· va.riable· '.o.r 
Vtfr.:ia b'les. ·free and· t-lle~1 ptbceed. to· ex_pl.o;re th~ otb~r branches·. 
tmpiicJtly .e.·numerated: ·a.nd ·the bp't;ini·al s.ol·ution_, or evfd'.~nc:e that no-
.. 
c·edu_re :;is nonredu-ndan:t: iJi -:that, a. p·os:.si b.1·e. $:olµ.'t-io:n i:s c·on·std·e_r~d-: 
once .and o·nly or1ce . 
.· .. 
The. ,next ~hapte:.i· d-esc::::ribe_s t:iie S.JJE;i?ific_ ,C'<>rn:put_at·i:0J1al proc.e,d.ure: 
·"'·::;.. 
.. 
for,: o-pftmai1y sol v-i·n.:~: ·ea-ch o·f- :t:1].¢ f91J:r t-ypes: ·of p:ropJ.eri1$ discu.ssep 
tn C'.hapfer II. ,_,;, 
---~- ·------ .. ~--~-·-~ -~-~~ ---- --------------
- -----~-
--- _ _,.,.,.... ___ ___,_ _____ _ 
. '.,•._:.-~--.. 
..-
?I" 
.iJ, 
'· 
,. ' 
•• 
.. 
• J: 
• 
:. 
'· 
,-
J 
32 
• 
IV. SPECIFIC COMPUTATIONAL PROCEDURES 
A flow chart of.the computational procedure.prop~ed for 
solving the first type of problem is shown in Figure 2. It is re-
_f. 
called that the first !YPe of pro.bl em :con.t·al-ns. constraints of· the 
' . 
., 
Ax·<.:b 
···-· 
... 
• 
·b· a.re pos._fti,.ve. To. -sol.v.e t·hi-s: problem. -we .firs.'t s·e:J: ·th~ :Pt<ib:l.~Jn. -~.p: 
·as: 
n 
Minimize z = L C j xj 
j=l 
subject to; (2) Ax: ·- b,<O 
~nd (3) all x - 0 o~ 1. j 
·-
;,. 
Th,e· m·ul tiple-cho:l·c.e · Goiistra'ih:ts- ·w·ho$e :$umnration .equals· one are vt.r·-· 
tu:il'lly :i:g·il.6:red. Observe thflt. thf3$.:'e ·constra.ints may: always be .sat is-· 
f fe:d· by :hfl-Vi'ng o.ne, a.na· only one v~=rla·ble :f·tom eac_:h :Di-Ult.lple choice ' 
.f 
.-const-r-aint ·e.q-ual, to·- 1 tn any· f:ea·sible.. s.olQt:iJ~rt. ,~[.f 'We ·define. 
~ ~·· 
A basic req·ut.rement: :f'or· 
the. :sol-ut·i.on .P._: roc_ed.Qre· :ts. -t.· ha·t ·all c . b_e p_··os·i_=ti ve·. This :s.eems ·to 
' . J 
,be .·a. re_aso_n~ble assumption since all 0$ the applications encountered 
'"''·•.1r.. 
-chave-had~only .posi-±i.~e' cost-.....e.oe£f ic,.ient~s~·~-
:.-·· 
-----· ------·--~- ---
-----
-
----
. 
-- --
----------
-- __ q-_ --
---
~--
~he ~tep by step solution procedure is explained using the. flow 
· chart ·~·shown in Figure 2.. Comnients · relative· to each step are offered-
. ' 
:a,s ~.ppropriate .. I-f .. ;ne~-p·rt·or f.eas·fb:le :solu·tion· is known we: sta:rt at.·. 
. ........ ,· .. ... 
,·~ ,:_,1,,<',l. '\, ' , .... 
~ -.. 
-.. 
••• 
)· 
"· ,; 
-·.,-
; 
i 
i 
,t· 
-.;·. 
.. 
J·· 
}• 
• 
' . ' L \, - •• • 
.... 
·~-
1. S - ( 0 , 0;,. 0 , _ . .. . , 0) 
KN - 0. 
2. , Def in~ T = ( j free such t·h,lt: 
a .. <.-.- I Yi.· I and if ( soln)...:., 
·1J -
3. 
4. 
-s· --
·-; .. 
6. 
Z.S. + C • < Z) . J 
Is T - (Empty)? 
1D 
If (soln), is (ZS + }: 
_ es· 
. -~ .. 
-n1iti c. from each set ET)~ Z? J 
0 
-ls any set which c:ontained a. fr.e.e 
var.•iable in S completely 
~xclu4ed from T? 
no 
.. 
m 
Compute '°' . (y1. + :a . • ) fo·r ·:e·ach. J. t. 't. Select L....J lJ" i-1 
t_p.1rt j O which maxlmizes 
8
1:.his q:u.ant ity. In 
.. c·ase of ties select fhat· 5o: w-ith the 'miri cj. 
:-i,. 
FIGURE 2 
. . . !-· 
.. 
.... \•1 
. L.: :Flow Chart for Prob:l·em T.yp.e, 1. 
: ~-.. !,; . 
.... .-...... ,, 
-·-
\ ~-
,, .} 
.-~ 
""' 
:J 
1 l ' 
·,,._, . 
.. ,. :. 
I'-. 
_;r-.: 
·'di;· 
"' 
. :._~ - . : '·-· -· :·. - '_: ----. ~ ·-~-~ .. ~·-·-- ' . -- .... . ' _ .... __ _ 
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7. KN=KN+l 
Augment S with the selected Jo and its 
associated variables· in a set. 
S ·';, .= KN Jo 
-·''I_.,, 
Associated variib1~s 
aiready negative. 
- ·-·· .. _ .. _ 
-KN ·1.f .not 
8
· · Yi c.., Yi + ai,Jo for all i. 
:_i.f (.solnJ ,~- :zs - ZS + C=. • 
. Jo . 
.9 . .-
'• . 
ls one· va£i~ble from each ~et equal 
to.· l?· ., 
, '! 
no 
.. 
.. 
......... 
...... t ..• ..,,,. 
.. 
" 
... 
~· l· 
yes 
Page 2 of 3 
.. 
·., 
. . - . . - - .. ' ... 
-···-·----- -----·-·-·--·--·-- - _______ ..... - .. 
---
"'1' 
. 
-. ---- _,... 
1.0. 
- ... :.:..·;.~_,· __ , .. ;,;.,::-. ,.· .. ··., .... - . - ·, ..... --·-·,. 
1,-· 
soln - yes. 
. ·-· ... ·• -·-
. .--.-· : - .. -----· 
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.,,_ 
~ = thOse .components .of S wi t:Ji positive 
values. Store as best sol.u.ti-011. f6tin.d. 
-
. Z = ex o~ z = ZS if there wa$ .a 
pfeVious feasible solution.: 
• • 
-~--
11 
· r---F-in_d __ ~t"!"'"he--h-i_g_h_e_s_t_p_o_s_i_t_:i ..... 'v, ...... e-_ ...;;;.{~->..;.._._-.. 0-)-. -t--:-:e-_:t_~:in~-_j_m_o_f_S-. 
If none, TERMINATE. 
Otherwise, set 
KN 
.sj 
s. 
.J,In 
- s .. 
Jm 
- 0 ;fcit .a.11 j. -such ·tha t 
·-KN, ....,_ - ... ~ ~---··_ ·•.· 
Y 
- y - a for all i. 1• - ·1· i .]0 
- ' m 
,~ If (soln)j ZS= ZS - cjm' 
----------~---,-...~~---::.~-----' 
13. 
Are all variabl~s in any set 
.r" 
now equal to zero? 
/ 
· ho 
,:,.,. 
., 
y.es· 
-· 
( 
) 
·lo.. ... _ 
··········---------~~-
-----
.{.( 
l j 
J 
i 
I 
I 
l 
! 
I 
l 
1 
i 
i 
• <, ·~..:.:; • . . . 
-~ ... --~ .. ~-a:---,.. ·~-+ "'·-····.·· 
.,,. f 
' 
step 1 by setting s .... = 
to take on a value of 
... 
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(o: 
. . . . ' 0, o, • • 
1. KN which 
• 
' 
0) 
is a 
. - . .: 
- ' . - . 
- ........ -..... -·· - -·-·-'"' - ·--
i.e. all variables are free \ 
-~ 
counter used to assign values 
··~ 
to the components of Sis also set equal to zero. The procedure could 
be -started- with a known feasi.ble solution or _any variables ·co.uld. be 
.set equal to ·O or 1 at the, star:t:. 
At step:. 2 ··we·· de:fine th~ ve.ct·o::r :T· ·:~rs -a .sul)se:f· of t.he free vari-
a.bl.e.s .s. ·u.·_c:h_: t. :'ha_·t.· a -~· ·<• ·,·. ·y ..... ,·. ,·: ahd i,f ·a ·fe·a:sible soluti'on· has b. ee·n ' iJ ·- ' l.. ' .. . . .. 
-
.f.otrnd., z.s. + .. cj <::··z. Yt is intti.ally set· ec(u:cil. to. ~-bi a.:n:d ,is updated 
.... 'i,. 
.,. 
~a¢h tim·e a: 'new v~1r.ia.b1.e: is .brl)µ:gl;it i_nt:o s:ol'utioh. ZS ·is .def1ne'd ~s 
.. 
. k 
cess .artq is aJ.so· u.pdat~d ·e·~·c.h. ·ttme. a 'o~.w ·vt:l»iab1e is br.o.ugh::t .. i .. nto: 
.. p'tJl:Q.tion. ·Since -w:e are. s.ol ving the :problem -Y··S o: and :all .. aij are 
:pcis:it ive· we -.c.an. e.x. o.· 1.:1.id-e f."rom T t. nose .J·: w.ho:se a·.· a·re. g.rea-te·r ·t.h_· :_a_··n_ ... . ' . . . . '' .. · .LJ C ...... 
,. 
· the ·a.b.so.I,ute· ·v·a•l.4e pf :y i- bec·aus:e these J c·an qrily t~n:d to cr~E.it:e 
- ~ .. i..nfeasi btlity .. .A"i1 upper ·b.oqrtd· Z :o-n the val:µ:e· o-f the objec:ti.ye. 
. 
. I! 
-0. 
Jtih.ct ion·· is no.t. ~.S:'1:":~fbl ished unt::fl a. ·~f.:eas,.iblfa. s_oIµtJon .. is fc>ung, .. 
...... ...,.,._ 
. ·we. ·c·a:n also· •(3xclu.~fe frQ~ T those j such that Zs.+ cj>iz. s·ince ¢on- · 
·\• 
.. 
. sid.era.ti .. on .o·f the·se .J .. could ·o:t11.y· .· .i.tic . .re-ase th·e· ·va.1·.ue: of. t:he- ob·3· ec.tt ve. 
· ... ~-
. 
. ' 
-£,unction.~· Thus: the vector T :creates· br·anches ·of ·:_t::he solut.ion t-ree· 
~ 
whi.'ch. a··r~ a_c:<:ept-able· .f.9r f'u_rther sear-ch. ~pd _e4c.l·ude's ·th.o.s~. :br~.n.c:hes· 
wh±c·h a:re· uhacce.pt.a .. bl.e.: 
. ' 
·. 
~ .;.~ . 
, 
... -·--
-----· .-~·· ... --=-~--- ·- _ -·· _ 1 Ste~~ 3_!:.. ~, _a·nd g_are used .in an- at :tempt -to abanrton· .. ·:a11 the · 
-· branches created b.y T. Obviousf.y, i.f T· is empty there: are. no branches. 
. 
to· be· search.ed .. · As,sume that ·a, -~:feasible: soluti:011 ·ha~. been· ,f.-ot1nd. and 
··--.... 
""-' , 
'.~-· 
.. .-:.- . - - ... ~ . .. ... . ~- - . . 
• • •-.u '•· -· ,,. 
·;'-"!· 
---~·-: 
·. . 
.. · .. ;_: . 
·-.,,.,.,-,.:..;, 
... 
- . -~--t _··, - .... -_.:.,.-- .... •· - __ :::_,;_·_-:_;;;_;-;_·;::·.:··.,: ,· .. -: •• ;:-_-__-~.:: .. :-·,: -.~.:.· . .-:.. ... -.:_<·: .::.:·;.-. .-: ... _:.-./; .. ;..:...·:·._:'.. ;~~-:;;;.~---· ... ··- ... . . . ..... .. 
• 
-an ·upper bound Z is known. 
I 
If some var"J.ables have been assigned· 
a value of 1 t-hen ZS has ~ value. Then if (ZS + L of the minli:n~.up 
-C from- each set of variables contained in T) is greater tha·n. c;,:z-
j .. / 
·equ'al t:o z, ~:l:l. -the brallc'he-s, ~a'ted by T· m-ay be abancloned-!' ·This 
·:ts: po·sstble ·o~_cause= ar~y fe.a.s.:i.,ble• sol:utlon. :,fou:nd 'by expl.o:r1rig- the, 
' 
... 
br.anc.h.e·s· .pf -r: will :no.t :have.- an· p.bje.c-tive va·1:ue· .le·s:s than Z., S·i:n·ce 
- .. 
the ·u.p:per bound 'fz c.ann.ot be: :use.d until a, feasi..ble-: sol·utlon. ·is fo-und ,... 
,we ar.e. i.n·teres.te:d i-n f.inding a :1q.._. ,Cq~·t .f-'ir:st ~fe.asible ,solu·tion ·a:na· 
At step 5 -w~ qhecl{= .to see. if any ·set. of va-riirble·~ whi.:ch c.on.t_ijl'·ri.efd 
--~. 
at least on.e: :fr·e.e· vartable .i:n s h-as- be.e·n c,omp.letel.y exclud·e.d· from: 
.v·ar-._fable· ·in th:at $et· ~$.si:g.r1ed ,a. v~Iue of: I. :Jrt otde:r -f-o. have ,a 
. • • • J 
.fe.:a-sit>.l_e _s·o.Jution, one v.a:riable ·.fn :ei.ach: set mu.st be. ~ss·.igned. a: v--a:lU.e 
. ' 
.. 
of, 1-. 1T·here·fore., .. i_f· a-ny' set .w-h'i.c.h:· cont.:ained a· free- ·v-ariabl.e· ·is com~-
.:p:l:ete:ly .:ex,clud·ed f:r·om T:, -we. cannot .find a :·f easib1e solu,t ion. b.y 
.••.• t' 
:-,. 
.. 
a-:ba·ndoned .. 
S,te-p- 6. :is· conc.ern:ed- -with· fin9.f-n-:g.· ·s.onfe •vari"able w·hic.:h w.hen. a~:-~:tg,nef~f 
:r"''> 
..... ~- --- --·-·.-. ---~ ..... ~. ·-·-······. 
~r· -v:alue ,o_f· l w··ill .. /t:e.:nd: to· produce :a low ,or lower cost f·e.asible :-so-~ 
.,... , m 
l·ut·ion.· For- each· J· con:tai __ ~ed in: T we compute L {yi + ~:i-J} and·· 
i=l 
, select that jo which maximizes this quantity. This summation ,is~. 
·;_ 
-
- ~~~------ -~-
_taken down the· corumtis -··of-:-tne~mat.rix ___ A dtily .for the inequality cdn-
...• 
- ..... f,·- . 
.... .. 
· straints where m is the number of i_nequali ty const·raints. S·ince 
those- .:J··'". :for: wh·fcb a .. >,: f '~- 1.·f have peen ex_ eluded fro'1 T, the· :~:hove· .. . . . . . l.J .. 
' •: 'i 
. , 
.q_uan.ti{y f·o·r _any j will always be. ·less than or equal to o. ·.e. :]l·y 
"D. 
',j 
·/ 
:.. 
'\ 
· .. 
-"· ... J • 
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selecting that Jo _ _which maximizes this quantity, we are picking that j 
variable which when assigned a value of 1 will make y tend toward 
~ . ,. 
zero a~ the fastest rate. 
l> 
We can also think of j 0 as that variable 
which takes the largest amount of total slack out of the problem. 
·. 
Any variabl~ for which the above quantity is equal. to. zero will re-
.sul.t :in y. ~= .o· i .:e. there will be no slack left in the :problem·,. Ip 
. cas:e, ·o:f tl:es a.rnong vari·~3,bles: ·we select the variable with th~ minimum 
-
cj s.fp:ce :this· will giv.e ~. low·e.r c··ost. Most problems ·of this type 
invol·ve SG~r:G~ re:sour.c~-s: :a_rtQ· .any f.easible soiutton w:ill·· l~~.v.e littl.e: 
. 
', 
' :~:-: ' ' 
. 
' ' ' 
. '. ' variable to be. a·s~t:ghed .a va:lue: o~ l wa,·~ det.e.!mineq ·9h· :that ba,sts·. 
Augmentation of th_e· state: ,vec.tdr S is :~ac;fe a.t. ·s::=tep 7 ~ :We sef· 
'.. 
. 
• M 
• 
S ., for a11 var:iab.les· in the .set 
.J 
i I. ( .. · :·(mul.tip.Ie c.fr.otce ·con·s·tra1nt) ., c·ontat·niqg. 50 .are :p.ut ·e·qu~J. tcJ -KN· 
':""': 
,.\ 
:mea:n-in.g that· they are. ·now: ~qual t.o O. .Jf :rna'y b.e. t:h.at ·~:om:e j. ·i-n .. that 
p,ro.ce'ss· in:ieaning that :it :ha:s .. pr·ev.io.u?lY =be.~.n det:errnirtErd =to have. a .v·a.lue. 
' 
~ :of O ~ .Izt :this ca:se it: is ,not ne·ce:s:s ar·y"" to ~eJ~;s.s·fgn a neJ;.a tI.ve ·nurirb.e.r' 
t:o t:hat· v:ariable .: 
At ·st·ep :~,. ZS and y ·ar.·e, . .-update ... ·.a.. Th~ a1 .. J ..· ar'e ad<]ed to ·y.·. f.ot·· r 
• : , : . o.·· ·.· ,' i 
. :1 . ' 
,, ..... .• 
·a11 =i, ... ti· is not necess·ary to update. ·zs :11ntess= the· first feasible 
.... 
. 
' s·olution. is found 'because ZS is of ·no value un~il an. upper bound Z .. i.s <' 
- -·- ---• . ~-- -- . - -. -
establis.:bed·. 
...... ···: '. ~ 
------ - ~" . -
-----
----- . 
·(,. 
are: exclud,ed f·roll\ T, the 
\ 
':f'easi.bil.i·t:.y .. r~iquir:ement th:Jit y ·< :O· ·will -~1/w.~ys bs.~satJ·:s.fied. Ther~-
.:---
.. 
n ... · ... 
··-"~--
" . 
--~ 
' . 
J fr! ·.·• <&"'.'~JJ ' 
,•;·, 
¥t-1 
~ 
··VJ 
tt 
.,1.,' 
. -~ 
,· 
•• - .: 4 
-
~- '. , 
.. 
..,.._ ... .. .. ..... ...... --- - ,.. ... .. ..... -~· .. - -··- ~-- .. 
.' 
'''" 
:· .. 
39 
fore the only check required for feasibility i~ that one variable 
from each multiple-choice constfaint be equal: t~ 1. This check 
< is made at step 9. If feasibility has rf~:t· been. ·e:stablished we go 
. 
to step 2 and determine a· new :ve.ctor T. 
If. we have fou.nd a. fe.asible :sol·ut:i.9.t1, at· step IO -we set 'x' 
·$:qu~l. to those j of S which. ·hav_e positi_.ve :numb~-~ :ass.i·gned. This 
:i.s. stored as the ·:b_e:st _te,asi'l:>le.· s:olut io.-n ye.t .found.. S.i:nc·e ·Vie ·onl·y 
consid:~r. -clt s·tep. 6- th:ose: v.a;p.,ia:bles wh}ch c:an i~pr;pve tht;3 ·vqlue ,of 
-t:he· obj·e.ct_i:ve: :ftincti,on., c;1_ny· :--feasibJe solution fou.nd a:f':ttft the. :(ir:~=!rt. .. ...-- . 
The last .feas.ibt·e s:ol.ution f-'ou·nd wil:l. ... .. . . ·, .. . .·. .· ·. · .. •;. ',· . ··-
• 
·se.t ;Z· :· .· ex ,or if the:re· w:a-$: a p.r.ev-iqu·s .:feasi-b1~ sci>.lut{ori we• s . .im.:ply 
;....., 
:se:f Z - ZS~ 
t:·e.:1·:1n:ine t'l:1.a,t_ no branc·hes: of '.f _ca.n le a.d t.o a fe$sib_l_e so1q1:'ton w-i th 
a lowe.r ·co·st than.~,: .we may cl~termine 't:ha.t no 1Jra.11ches qf·. r.·· can. lead 
·" 
:a t·ea~tpl«3: soluti_on w:ith .a lower cost th~n. ~- .· -.:in th.e .;first: two: 
/.' 
·~. CJis~s we: have .~tba:r;id_oned· t-1}.e 1 'branches of T .( step_s 3 ., ·4, ~nd :5.)·. 
~-
. 
. 
·. If ~\'Ef teach step 11 by ;f.inding a fe.asi'ble !?d1ut.f<1t1_:, e.ve-r-y c.01n~, ... ' -~,,.' ' ·' ,.- '\) 
pdne·n.t. of' s: wfll be. q·s-signecJ a num·ber· o:ther tba.i;1 ze·r-ct,' t. ·e. :all ·~' . . ·:· ' 
... v-.ariab.l~-s ha.ve been ass--igned a val.ue o.f: o ·or l ... We -,1ocat.e. the _ ... •• ~-- . 
.) 
). 
.'~: 
hig __ ~s·t po.slti ve ( ;> 0) c9mpone.nt of S and <;_~_ll this varJ.able j ~- -~ -- -rn ---.-
-- ------
-
-· -·. - ·--
-- -· 
-
- - .!_ ------
-
-
-
-
--
~-~-~----' 
1 s·i.ri.ce KN lias been increme-n-tea---b1y~--l- -e·a-ah-'-timea -var-:rable-~has -be·en i r 
~~t- equal~to 1, jm will be the last variabl~ which was brought into 
.. ·.:· 'ti. . . 
• 
,: 
--
., 
. . . - . - . .. . . 
. . .. " .. - - - - . - ' 
....... ···-- ...... - "' ... 
. - --· ... ~~- ,---.-- ..... ---··- -----· 
r:::, ... /' ;.. 
40 
,_sc>'l·u.t.i.on ·. We set S. = -KN meaning that the variable jm is now . Jm 
·seJ· ~q.tial to o. All components of S (except jm) such that l·sjf 2: KN 
, : 
a·re :set equal to zero meaning that these variables are now free to 4 
,,/"'"-· 
possibly be a.ssigned: .a value ·o:f 1. We have essentialJy taken one 
:s.t.ep backwards ... u.p st>me· oranc·h· o.f the. solution tre.e by assign:i,.i;ig a 
·variable:, ·whtch :w,:ts previou=s.r:y ·e.qt.1.al t:o, 1., .;r vait.i'e of 10 and settin·g· 
·, 
tJ;rel other va:·riables in that se:t a.nd· in low:e:r branches free. :We·· will " '• •• • :I • . . - ·- .-. .. 
then· p;roc·e:ed, to explore th.e· pew· branch.es. to see i.f· tq~y c:a-.i:1 .. 'be 
. 
. a.b~ind.onecl .-or possibly progu.ce: an ,improve.d feasible ~so;IQtioti. 
.. . . 
• 
.  . either. ·.qete.rrnihed tha:t .tto branche·s· o·t. Tcah p.r:Odl:lce .a feast.bl-a s.o.l.Ut.:l.on -~? 
po·sit.i.ve component of s :a.nd. b:acktra.c·:k. up. a .bpat1c-li :of t:he sol.ut·tq:n 
·• 
·9iJhiponent. o.f S· s1.1ch· t:hat SJ is= ass:i gn·Efd -~ ·neg.a:t .. i ve: ·num.b·Ear gre_.ater· 
·4', 
. ~· 
', 
i11 abs.olu·ti~: value· than l(N··, •. . We a1$.o~et~ th.t·s variabl~ fJ·.ee a.lon·g 
w'it.·h ·t.hbse in. the set 'con:ta.f-ning; tne va.rfa'ble jm ~ Thts· v:arJ.able.: 
mu·st "he; set f·re.e ... ,in.ce,,. it is o.n a. Yow.e.r b.tanc:h .oif ·the: .so:lt.1.'tie>n t·r·Ef€f 
ta.1niI1g .Jm: rt1U$t··,t1ow :be c.o_nsid.e.re·d. ·1f- step 11 is re,ached and there . . .-,. 
I' is no compone.nt of. -S w-i-t-h---a---v,a'l::ue- greater than zero, thefh -~fhere are 
......... ...,. 
--~ - ------- no remaining variables whi.ch cap be assigned a value of zero and we 
cannot backtrack further. Thus we have aba;ndoned ~.11 the .. P.ossJ:b)~.e 
•. 
-,,. 
~ 
. <i~ 
a. 
,. 
• I. 
.../· 
C .. .. . ....... .. . ~ .• ,. - ·-. . ·- . - - .. -... ' - . - - ... ,... - . 
·~-
I' 
41 
branches of T and all possible combinations ,have been implici:tl.y 
e6umerated. At t·his point we may now terminate. This essenti-all·y 
proves the finiten~ss·: of the computational procedure. If :a :fea:s_-ible:. 
sol~tion w:.as .foun.d., t.he· ).ast one fpµnd t-s ·th-e o,ptinrai s9lution. 
S.4n-G~ .we hirve t-ak·en ·so~e v~;1ri able _. jm'l1u:t -o.f· s·olution: at step 11 , 
i·n .s·tep· 12 we u.pdate !l :a.hd- z·s:. by -se.tt i ng.: 1·1·. :-- y .. 
.. · ,1 
:a·na zs· =· zs·. -·. ·-. . 
- ... 
c·.. . • 
Jm 
--· ·a . · . ~ ·for a 11 i 
·i ,J.m 
At _s.-te.:p· .13: w-e ¢Jie.¢~- t·o ·see if there. is ·::lrfy· ,set of. ,taria:bte.s 
t·here· is :o'b.vi_-ously little advant~g.e in pu:rsuing: t:he:. av~ila.bl.e bra:.n¢1J.~·s: 
bectaus:e vte :cari.-rtot possibly find a feasibl·e solu.t·ton •. I:n this .c·it:.s-~ 
w·e ,go· .. back to:: ste·p .11.; ·otherwise we pr.oceed to step 2 .. a~nd d~·t:$r~ine 
,.;.._ :; 
.. An., l.ll:U:stratfv.t:r e_x:ainpl_e is ·sdlv'ed irt: J\ppehdix· A :us'i;11g_ the com.pu· .... 
:=--- '-;.~ • t~'t-io_nal pr:ocedu:re: presen·ted he.re. '.T:he ·teade~r- m.ay gain a ... be.tt:er· u11 .... 
<li 
The· se·cond ·t,,y_1ie. :of problem· :¢:oritai.-ns. constrc1:J.·n":t;s·. _of t:he .:form 
.AX·> b ... _ 
. <· 
. - whe:re, a:ti._ coetl1c.ients . .of th,f1; matrix· A .and :a:L'I. .c:0:111-p.o.ne.nts of-.:~ the:- b 
lj • 
vect·or are: .positt ve:. · To solve 'this problem we define y -:- .AX -- b and 
. ·,. . ~ .,. 
.•. 
----------s~o~l-~ the problem U 0. -A feasible solution is __ f9_4_119_ wJ1en one ·and_-----;;-_ . · 
0J1.~y- one variable from each set is equal to 1 and y.>.O for all i. 
. ~ 
. 
.,_ 
·Tb·¢ roultiple-cho-i-ce cprJstral·nts. are sati-s·f 1.e.d.: in ·exac;·t{y the same JI 
.-·--,. -
., 
" 
....... \'"".... ' 
_I 
... 
. ' 
. " 
.. 
·":"' 
_. ' . ' . ·- -J . - . ' -- . . ' ,. . . 
/ >ili'anner as they were for·· the ~irst type :()f : •problem·. 
The solution pro.cedure for· ·t.hi"~. :problem is shown in Figure 3. 
·Tlie only difference in the cornpµta:tfdnal procedure for the probl~rn :"(:y:pe:s 
:the s:ame as fox· t:he f i:rst.· ty·p·e :of ·probl.~m ... 
The ve.G·tor·: y i's initJ~:1·t,y set egu~.l to. --b. --s.lnce we :a_;re solv-ing: 
""' \: the probl~·rr.i y· .2:_··_·. O and .all a,. . ·are,..~·. O,.· :tJie ':best :-we :c·an. do c1t. s te.p 2 l.,J .. >:. 
is: 
2·. 
,. 
,,. 
Define T = (j free such that 
aij>O and if,(soln), 
ZS + C. < Z) J 
• 
'Xn qther wcrrq$, ~11 of those variables which are free "in.$ ,w:ill be 
IJi the vect.or .T· with the exception o.f those which will Jrtcrease· the· 
,~ ob:jec.-tJ:v~ value: to a, p.ot·nt great·e·r tl):an or eq.u:al to z. 
vari:able.s. c.an: b.e ~x-Gltide.d .fr'om ·t: oii. ,the- basis of infeas'i.bili-ty. 
:-? A.:t :sfe,p· :5:., 1n· addition, t'<:)" :c-he·c.ki.ng' ·t.9· $ee ,i."f ~tny s,:et wbt.c:h. -con:~-
-.. . . ·.3~~ ~.: 
·tt~.ine.d .-a free v,a.-rl ~JJle -.i.n :S- :h?as ·.be:e·n exclud·eo :from T.:;- we :¢clJ1 ~-1 so ' 
. 
·.: .. 'r.e:main-:· :.infei1si'b1_e,. 'If any y·-i ·is. :1e·ss th~·n :0, .,:the const·r.a·int t--.. i·p: 
. 
. 
. . ,;c.urrently infeas-i.bl'e:.. SJri:c_e, only one variabl.e ,in each· -set. .can e-qu:~1, . .,..: . "· 
l, oiily on~ l\'j in each set .can be included in ally constraint i. · 
_.Tn-erefQr_e' if for :any ·-i ~llClr ·t"h-~t· :?:i -·<_ o-_, .. - t:.he. q_ti~·rt'ttty--(y i. -+ L max aij· -
fr:om· each· -se.t E T) ·i.s: less tha.n zero, --the branches ·.of ·,r can be aban-
'· 
.•. 
.;1· 
'doned .• 
,. 
.. ': 
~-
'fh¢.. l·ar,ges·t a:i;_J ·i:'i:1: each .. ,s·et is: t.he. ·maximum a·motint from e,~.G:h: 
· .. 
., 
.. 
.. 
i - -
I l · 
I 
~ 
... 
. .. . . ~ . --
~ 
+ ~ •- -
,•• ·-
·J·. 
~-~-----
•:- I)" J _.,,_:. 
4-','-. 
. .• .. ' 
• 
. ·- -_:;;.,; 
43 
S = (O, 0, O, •.. , 0) 
KN = 0 
De-f.i.·n_e T -
.Is T -- (Empty)? 
t-f (s_t>.}n), is (ZS + Emin 
c . :from each set E T) > Z? 
J 
no 
-:-·-· 
\ 
' 
5-. - ·ts. ,any set which contained a free 
·vati:a'J.Jle in S comp'.+$tel.y ~x·otuded 
.from T? or 
.. 
Is ( y . ·+ E max a . . f r:orn. each· s-et 
.. 1 1J 
ET)< 0 for any i such tha:t- ·y ... ·<. O? 
1 
no, 
m 
es 
6-. ,. 
Compute b.t· min ( O ,- ·y. + a .. ·) -for' each 
1 ":lJ 
1= 
. ' j E _ T. Select that .j,0: W•h_i-ch :max.imizes, 
- . . 
... ' 
. - . - . 
yes 
·this quantity. In. case o·f· t.ies se:l·ec-t tha-:t 
I} 
J0 with the miri c.~ Q • J 
---· -- ---. ~--
FIClURE: 3 
.. -<J· 
,, .. 
. "'"'.,·•. ~---· .. 
. :....... ~ . 
.. 
--, 
' ;: _··.~ 
. ..3 
--- . . _.: - - ---: ·---- ·.· ._. - :, --- -____ - __ - .. ':':~ 
•· 
4. 
l 
..... , 
,-~,, . ..,. 
.. \ 
:"I" 
-· --- - .... ·- .:. -_ - ·-- .. 
-~-
-~~--
·.,s. 
.. 
··-~·--
--. -
-
----' • • ' • r 
• 
, 
' 
-.. 
. .... - . . . - -
,, 
7 ... 
KN = KN + 1 
-.. 
.. . 
··- ... 
•r • -
- - ' - . --
.. - . - -- . - .. - -- ... - ~ .. -- . - -
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j 
. 
- . - ... -- ... -- -- -- ... - . - - -
Aagment,s;·S·with the select.-ed )o -~:ti.d. itsi 
' 
9. 
associ~ted v·arfa~les· in a set· . 
.. 
Associated var~db.les 
already neg,ati:v:e .. 
-KN if not 
Y · - Yi +· .a.. . for a 11 i • 1 1,Jo 
If ( soln), ·ZS ZS· + c. ·.,: Jo 
•• • •••• t '. 
1s.bn~variabl~ from each ~et equal-
·to 'i, ·a:nd ·is .. ·y i ~- 0 for a .. i.1 i? 
b 
no .. 
- - :'·_ -,--"".----'-·----::-··---·-~ ·-
yes 
'1:>age 2· of .3 
!_:. /,, . 
~-
-
(_) 
10 
' 
•if· 
11 
..... 
i8. 
12 
13 
. . : . 
--
- . ' :r~ - ~ ... ,·. ,,. 'f -
-· 45 ;\·-
. ' 
f-' 
·- :.a ·> • 
•I 
soln = yes. 
~ = those components of S with posftiv~, •: 
values. Store as best solution ·foti·nd. . ': 
--z = cz or Z = ZS if there was a y..rev-iou 
::f'eas1bl-e solution. •' . . ...... - .· 
... : ... • _·• .. 
- r.· 
'! 
·o 
.. 
I 
Find the highest posi_tt.v¢· { ··>-·O.) te·r-111 Jm ·of s. 
If none, TERMI_NATE . 
Otherwise, set 
KN - s. . Jm 
S j - 0 for a 11 . j 'S.UC h t'ha t-:;- I S j I > KN · 
S. = -KN. Jm 
---------l-----~------~-
Y
1. = Yt - a. . for -all i. 
'l. 'J . m 
If (soln), ZS= ZS - c· . 
Are all variables in any set 
now. ~quit'l to zero? 
no 
-~-
,t. 
------
-- --a·••~- • ~---- .--
y·e.s 
~~,..~--::-.:".""·-·: ..... -----·-·-··· 
:--- -·----. r -.. ,, - ~ 
.... ----
-· ---- -~--- ----- - --- -
. ' 
g;. -~ -f"'" 
. -. ~ 
-,..,,~..,,,,i:u.,.,r ---~·'.'.,-'it:1.-·---,=---,----·-------- ....... -... --· 
,/ 
I " 
', 
.;. 
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set that can be added to y1 --
.,,. .. ,, 
If any Y. is still ~ s than O aft~.r _ 1 le' 
the maximum amounts are :add:e:d, ·;t_heii" 'we evid_ently cannot fi.nd a-
feasible solution iri: the branches of T. . . . . .. ·, ., _ _ A test o·f~ tl)is type was~" - -- . -- .. ' 
-- \, ...:..._ ".-:...,•,,.::_ ~ ,:..--·----··--·-'-'"- ---· - . - - --- -~- . - - -
not used for {he- :f.-i·rst type of problem beoau_s-.e T was defined such. 
that thos~ aij wbich could create infeas.i-t>ility .were~xcluded: ,;(rpm. 
T· ._and ever.y ·y-~ was- alw.a;ys· :fea.sibl~ .. - -. - ., :l { 
m A.t.: s-f~p .6·;_- f:or.- ~a:c.h. j con_:fai_ned: .fn 'T we co,rnpute L min 
i=l (,-0:.,. _y.,-. 'f: a .. .) tin:d se:l.ect th·at J_·-_0 __ whi_ch maxlmi-ze.s this quantity. - t. ·IJ 
Tb.is .quantit-Y w_tl.1 always be less t·h,an <>:r e,qual to zero·-. -Fc:>'r clIJ..Y 
constraint 1 
. 
-
- - - - - ' 
··._, 
- ,_ 
.. ,....,..., 
---t be- tot.al p·roplem tend tow.ard .fe:as:ib'i}'i:ty t'he gr:eate·st amo.unt·. 
,, .. ,,.,.,,,,,,.;n: 
.,,:,;; 
} Sinc:e w:e cannot :gua~a,ntee"" that _y- :ts -alwaJr:s greater than- or e.qu_al 
·t'<J O, th.is must be·- checked at step 9- to see if w_e -have a feasible 
L----~~-,--~-~·so·liit1on.· The condition for fea·5,tJJi..lit:y _fs: tl;l~t .one arrct· on1y one-- -------~~-
vari:able· from each set must equal_ one :a:nd etadh. y.,1_ :>: ·o .. .. . ~,_· , ... 
·;,~ ··:; 
--'.-:-°'=>-- . 
. / 
·-
' ,I, 
;ii 
I 
'\ " ; 
. . 
,. 
..,. 
~:. 
... 
, 
·, 
:1 47 · ...... 
.;, 
. ' All other steps in the procedur~ are identtcal with those for 
/ ptOblem type 1 and will not be repeated he~e. 
' 
The :.thir.d typ~ of prob.lem contains'"'c;oti)~t.t:alnts :of t:he ·fornt 
J ' 
Ax < ·b ,and. Ax > b . 
.. ·--
.~ 
whe:re·: all 
.. ·-.· . 
:tor .b ·are 
coefficients o.f ·the· znatr:ix A artd all 'Com:pqnen.t:s: ·pf 'f:he vec-
p~ti ve. ·I: Other .word.s thi.s probl.e1n con1;aiI1s some < 
\ 
l~egµa:lities and some. 2r: .lnequa,l.ities but .all coef{.iclent.s ·~fnd: ·c.om:-
ponents are p·osftive:. The<i.ne.qµal:i.ties ma.y. .be t:ra1ts:formed· to > ·~11~ 
equalitie:s· b.y m.t:1lt··fplying bq.t.)J ·sides by· ~1. Th.e· c:oristra.ints m:~.Y then 
.be·. sta te.d as .. - -:.- ·.-
- - . 
:_.,. 
and s·c>ni~ al.l posi t.tve r.ittiribers-. ·we aga.trr ,de.'f1ne .Y ·~· Ax· - b ~lnd· solv.e 
tqe ·pro_bl·em: 'Y, :> O· .with y .i'ni'tia:11..;y· set equal to -b. · 'Obse·rv.e ·that 
s't>m~: y.1 w';i~ll initt·all_y ·be· fe,:rsib.le but. the: qoP·.re~:p.o.,rioin.g ·:clij 's: wfli. 
all ·be nega·tive. 
Step.2 for this problem is: 
J 
' 
2 .. Befine T = {j'free such that if 
Y.1· < 0 , a 1· J' > 0 ; if y . > 0 , a . . > O ; 
· . - 1- lJ -
- Jo • 
o;r·-:if Yi~ o· and aij < O., f aijl< Yi 
--- - --a nd-4-f--fsol n) ,- zs- --+ -c j < Z) · .. 
• 
The subset T of the free variables .contained in S is d'etertn·in:ecl i.n: 
;: ... .,, 
the following manner. 
be .included .in T but if Y··< 0 and a <··o the ·v·ariab.le j i·s ¢.)<cl,uded. ·~ 1 ' ~· ij .... 
'.~ -·· ' 
i' 
.; 
, 
.:··. 
' 
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We must remember that in some constraints all a .. are n~gative and l] 
-. 
in other constraints all a .. are positive. If some y > 0 and a.J.~ 0 lJ 1. - 1 • 
. t __ he \7ariable j might not be excluded from T; however, if y. ~ 0 and 1 
. a ..... < O_ we can ...exclude those. variables. such 
-~J 
-~ 
these variables w.ill create infeasibility. 
that - I a i j f > y i because )f cour~•e those vari-
ables wh-i.ch. will i.nc·rease the objective value>Z are·· .exclud'e:d __ .. ln 
-
t"Jit'.s cJtse:- we h_ave -bee.n· able to exclu.de -more ·variables b_ecau.s-e. :all 
I 
t:he ·a; .; -~i-If ar1y· :· c:ons,t:~a i:nt. :hav,e the :_S-~:fin_ ·'e.·, ·s;i,g_·n. ·<," • 'l.J . . ' ' 
.... 
·. 
·Th.e ,f·ou.rtµ. :;t;ype· ·of p·r:ob.1.em or ge.n~-r~l :problem .·may· ~.on.'t1tih con~ · •.' 
:s~,r·a1,nt:s .of. the f:.o.rm 
·wt th :no· restfiction p1_..a¢ed. ·ori the co~-f~.f'.lc:·ients .of' ~-- ·or on- the- -com~ 
·f,· pon:ents, o::f b. The.se: ,q·onstr-~infs: m.~Y· be placed lll- t.:h.e ... form 
. # 
I 
In this type Pt. probl-ew s:ome co.:ns.t":r_~Jnts .will :h:a·v.e ~. m.ixture, of 
;.,_ 
positive a_p:cl :neg-ati've :~(i __ ~:ns on· the a Js . .- ,Onc:e ag-ain :we ,,d·e"fi.ne; ij .... 
·y -- Ax ~ h a:tid s:ol:ve, {he p.rqblem_ y >·O·. ·with y ·i,hi-t_i"al-ly s.et e.q·ua:J; :to ~ ~ 
·' 
' .... ,. ..... ,. ''\ :$·-~·~rp_ 2 for t})is probl-em, is:: 
·.-:,.....  .,.:. . 
c-
if (soln) , ZS + cj < Z) \ 
i,' 
cl 
. I ( 
• J 
.J;lettause 'o.f the· mixture of ·signs ilil-. some (possibly all) const·rairits, 
" .. ;' ~·~· . ;. . 
I 
) 
, , 
··w.e- ca=r;i-not: ,po_s·i ti ve1y _exclude some variable on · the. basis ef ·f.e..as;i hilt ty. 
?: 
-· 
-· 
·,:. 
... 
- -.. ----,-----.--
~..,,.-"---...,._,,__..,...,..---c-· .... , .•. ,-_______ _ 
<--
.. 
:,~, 
··. 
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~!though :s.ome va~iable. with a negative aij might be brought._..into 
soluticin at some iteration making yi infe'asible, a variable with a 
P.ositive a .. may·- be: brought into solution· a_t the next iteration and l.J . 
-make yi· f.easfb~e ~gain. All of ·th-~se v-ari.al;>les which are free in 
... s will. be cont.a-irie:d in t-h~ ve.ctor .T ·except those· w:h-ich will make the 
o:bjective valtie.: g.re·at~-r· :t)1:a:n or ·eq.tfal 'to z·. 
A-st-with· t.he th"ird type: .of prqbleni, ·the. repr~:irj.:itig -s.o1·ut·fo11· P..ro--
for probl:em t yp·e -2:. 
~-
·':' 
-,• -
. '" ··.four t·y·pes .of: p"i\obl·erns :, ·all. of the prt,:c:edures .m:ay .be · Gombin:ed into .. 
u.poi1 ·the.: particu~~-r· type of_· pr·oblem to .b~· .solved,, .Th·.e:. :pro¢ed.u·re· c:an 
.tectivene:ss: ::of thfs· cc;,mputationa1 pro_ce.d\.rr·e. a_~ Gomp:trre.d; to tl1e. ·al~-
/-
·g~.o.r-i·thmEi o_f· Bal as:, ·a:_S. JJ1Qdified :bY· Ge9f.fri.on.,: , }l11d: :Lemke~$P.~:fl.:berg·. 
~· 
<ff"' .. 
. ~. 
''"'" 
,_· . .,-; 
- ... , .. 
' .. 
--
- ·--· --· .... - - .. 
.( 
....,.. 
·.O . 
·..:.· 
t, 
-~ 
.. 
·.V 
I 
'~ 
- . . 
'• 
., . 
t-. 
• 
- . . 
- . . - . 
. . 
• 
' 
·, 
__ .-? 
... ~- ,, 
..:. '• 
.. 
- . - - - ~-- ' 
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:·.• 
V. METHOD OF EVALUATION 
- d :The ·ob.J~cttve- of the evaluation is to measure the ·relat .. iv.e ef--
fect1ve11~$S ·o:f: the· computational proc-edure proposed ~n th.is :pape, -a.s 
compared to th.e algorithms of Balas, as modified by Geo.f_f·rion, .a-Iid 
Lemke-Sp et :I.berg. Since tne Lemke-~Spel_.1berg and Bal.a·-s- 'algq_fftlilits· ·ar·e 
primarily intended .f-q:tf fne gene-ra1 . .zero-one integer ·p-rqgramrning pro--
'blem and the propc>'-S,E!d p_roc;e.dure 'is specifically des·ign_ed_ f·o·r =.m:uittp·:Ie· 
:choice progr~nuni~g· :problems, ·tpe objective is to- -ooly :g=:a'in som=ef i.n-
s.ight -as to t:l1e r.e.Jative me:,rits·_: oj the p·roposed p:roc=edure and n:ot t.o. 
ln· order to· c.on.d.uct .an· e'xperiment t'o· :({est· 'the _effecti.ven·e:·ss: o.t. 
·113 
--"!". 
,the p_:rioposed. p ro,ce·dure,: it, :wa_s n:ec=e .. s_s~ry: to cte.f ine: the f_o lJ.ow:lng •: 
dete·rjn:';J .. ·n.ill.g· :whtch ·method: is ·t.he. most. -~f.fect.ive. 
. ~-
T 11 e JJrq·blems. wcJ.tild' :b=e of di.f.fere,nt s1-~$..$.-,_: s·ta.rt:_i.-n,g· wi·tn· 
D 
n-
• :iilg 1..n. s·ize. The· s·nia,1·.ler· _p:roble:n1$ · Wciuld. b·e ·usea tc dete_r~ 
... 
·mak~s: it ·mo-r¢ effi·ci.e.nt: :fo-r- l~_.rger pt·.ob:lem·.s at. t_he .sacrifi~re: .. 
o.f lost effic ten.cy· o.n smaJ): prcf~l:.e1ns. · In a·ddition ,: i.f t:'.he 
p.rocedure is at leas,t :a);, -~f.·:f 1.oient as the o·tii:er two meth-o.d:s· 
,_on small problems_, then on~- would :s1.isp·ect t-1\at it wo:ut_P. o.Ii-~-Y 
\ 
' "Ji 
' 
. '· .. ,. 
• 
)' 
~--
-~ 
~ -~. - . 
. 
;.. 
,:>i,_ 
~:-
·- .. .,. 
\.. 
.,· 
; 
•• 
·s.1. 
be more efficient as the problem s.tz·e: increases because of 
the difference in the number of posi:;:i.ble combinations, as 
ca'n be seen from Table 1. 
(2} At least ()Re Problem of e.ach type (i , 2, 3, :ahd 4) would be 
' 
generai!:!d fo.r eacQ, S.ize of pro!'>lem up to f6rty variables. 
·pr·9,b·,lems contai"Iiihg. ov~:r f·prty· :var-ia·b-ie.s ·would n:ot be used, 
,c'.. . .. 
fQ:r c.omparfson P'urposes S'.ihce computational experience lO' 2.3 
has Shown llttle · sUcCess in optfm:;tlly solving' probll;;)JnS above 
this Size Us;tng eii;'her the Bala-$ ·or LeDj;k:e:..sPeilherg 
a _lg.or.I f..hm:s • 
(3). S:ince e;:ich of the p:roblems at a spe·c;i:fl.¢ problem s:i;Ze: (nurn ... 
ber .of variables) are :of a cLLiferent tYPe; each xii' these 
pro'.hlems does not necessa:rny have to c.ontain the. same nwn-
(4) 
~11 of thE'! g-i ven cons'fants o.f the Problems Ca_ij, bi, an.d 
·, 
Cij) are intege.rs with all q'ij being posit]. ve, 
.E;acil problem was, gerier;af'.ed by It:r.st @ss igrting- an arbitrary :range 
' 
of values .for the cons·tants l:li.j a~d ciJ. 
'· 
within. the specified ranges were then selected :t;ro,m a rancjQ11t, number 
I 
The pQs:itJOning of the ai.j' s 'Within th.e A matri:){ .wnQ the as-
-~ . . ~ 
s-ignmeht of a. 1:tos:i-tive o·r !ieg;_~.t_·:i·v~: sign was fh;~r1. -made arb.i·traril,y .s·.o 
ii-"" 
.  " 
that the problem would be i'epresentative of 'orte o::f the ::fpu:r types o.f .•. 
...... 
·problems . The b1}s we:re then seiec.ted in such a manner that a feas].-
'ble. pr.oble,m Wi.th· reasonably tight eonstrarnts was likely to result. . ,, 
I . 
,I :i!:-,,.i 
The gene·r~tiOn. of _problems in this manner was necesi,i"a:ry to pro'd'uce a b··,····. i 
J-_:, 
''. . 
-; ~--
\ ' 
. ...; 
,'· 
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set of realistic problems which were representativ¢ o.f the types of 
When random numbers were emp_loyed for the b. 's 1·· 
• 
problems discussed. 
and v,i thout settii ranges for the aij 's, trt:fe~sible:, n9nrealistic.,: pr 
frivial problems ~lmost always. -result.eel .. 
In all, a set of' $itt:y-:-·f'ive .fe:a.s:i.ble. test: pr:ob1_ems 'W_er.~ gener.a.t¢d,_., 
The characterist tcs·· of e~c,h ·of· th_e. :problems 1.$ :.given In ·Tiihle 2 .... .T11.:~ 
i first sixty proble,tns· a_:re· -inte·nd~d to be u-sed :fo:r comparin·g_ the pr(J-\ 
:posed procedure ~.fth. t_he ·algorithms' .of- Bala$ ~)id Le~:'.ke-Spe·:±1.b.e.'.rg,. 
_w-hile p·robl·e:Ili.'s· 61. t'.h:~ou.gh 6-5 :werf:e g.e·nerate:d- pr-imartiy ·to· gat.·n some 
~pp.:11e.d :t·o _pr:ob1em.s 'of -the· jo'b sched;ul_iri_g· type. · 
._ A: compt~ter. pro.g:ram wa-s w,rtt-t:e11 ~:o.r· the cc>mput-atio_n:al :Proc_edure:' 
. 
. 
. 
. .. 
d.escrtlJed :in this paper. This _p·r.ogr~m ·wa:s· w·tttt·en in· FORTRA-N ·:iv by 
':"' . 
. A.pp·e:qqJ.x. :B. 
Th:~: :_c.ompU.·ttrrr p-rograrrr :fo.r t-be Leml~e---:s·p.$i.l"be,rg· .a.I«:or i t-hm :i_s -~·now·n- ,. 
·a;s· DZIP.1 and _:fs :a_l::s:o wr-it{¢n iri FO.RrRA'N lV. 
,_,,.,.._'", 
"· .23 ':Pl.e.t.~ly :d·oc-uift~·nte.d· in t:he- ar:tie-le .b-y ·1:,~Jrik.~: a-nd -s·pe:il oe:r:g · · artd is, :.,• ' , .. 
--a·v_at l able from IBM. 
i 
,, 
~1s-o been wri.t.ten: i.h :F.<)'RT·RAN IV .. ·for the IBM 360 .. Th:ts pr.ogranr f_s_ d.u,_e .· 
Research Cente:r an.d .is programme.d in: ex··gqt accordance with the :f.l.O\\' \. 
. 11 cha:ft: shown on :_PJ(~'e. 1S4 -of the article~ by Geo·ffrio·n · . 
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Problem 
Number 
1 
2 
3 
... 
. 5. ·: 
. 6 
:7: 
. --8.· 
9 
:10 
·- ·• . 
11 
J.;~:: 
13· 
14 
,l:s 
'16: 
l'.7 
18. 
.. 19.' 
20. 
:2··1 
,, :~.!t 
2·3 
2·~1:-
:~ S. 
2·0 
'·.27 
::2:,8 
=2-9. 
30 
=,::.i. 
. _:32:; 
.... 
Number of 
Variables 
in a Multiple 
Choice 
Constraint 
, 
Ci> 
2 
2 
2 
2 
:2, 
:·a 
2· 
, ... -,C·a ... g. ,_,,,, .. ·-· ·-· 
,·<,), -2: 
2 
:2' 
. 2. 
:~ 
:a 
3.· 
.3: 
:2 
!f 
.2:: 
·2·· ::· : 
3 
3.' 
.3, 
··3·. 
. ': •: 
3 
a, 
:3 
3· 
3· 
3. 
.3: 
·:3 
.. ··•- · ·• U <k•-·•-,,~ • , __ •-'~- •-" L ------~- -- a •• 
; ~.. ·- - -
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TABLE 2 
Number of 
Multiple 
Choice 
Constraints 
(K) 
.~~'"· 
2 
2 
2 
2 
.3 
3 
3. 
4 
4· 
-4: 
4 .. : . 
3 
3 
.a: 
·3 
;5 
5.: 
5: 
:5, 
4: 
4. 
t.t. 
.: 4· 
5', 
.. ;5· .. 
::5 
:5 
6'· 
'6:. 
6· 
6. 
• 
. -~-
-...... 
·Total. 
N4_r~i:be·r 
.of' 
va:rt·abJ.es 
.. (n) 
:4 
4 
4 
4, 
6: 
.6 
G: 
:-S· 
8: 
8' 
.. 8· 
9 
9: 
:9: 
9: 
-1,0 
10: 
10= 
1:0. 
12: 
12 .. 
.:12: 
12 
l5 
.15 
:15, 
15 
18 
18 
18 
··1s 
"•";'• ··~·-· 
Number of 
Inequality 
Constraints· 
(m) 
4· 
4· 
~· 
3·: 
·4· 
4, 
4: 
4· 
2· 
.4·. 
6 
" 
:p, 
:·$ 
'6 
5 
"·2·' 
.· 2: 
:4 
4 
·6 
6 
6: 
:.6: 
:. :3 
3 
:$ 
·3: 
.3 
3 
Jj°; 
:3 
~ . 
,, •·r, 
' ••, I 
., 
·Problem 
Type 
l 
2 
.3 
,4. 
··1· 
. ·' 
t 
:2 .. 
,3· 
-4 . 
1 
2 
3 
4 
l .. 
. :'2 
.a 
.4: 
t 
·2 
3· 
_4, 
·r 
·.' 2: 
3· 
-4 
. . "''l' ,. 
2 ·-· 
3· 
-4· 
! 
i 
i 
l 
I 
_.,I 
.\. 
.. 
:Problem 
Number 
33 
34 
·3.:5 
·aG 
37 
38 
39 
40 
4.1 
::4:2 
4:3. 
.. 
-44. 
45 
· ,>·4li · 
4_7· 
48 
.4.···9·· 
'• ' . 
5'0 
.. 5.l. 
·5:2 
53 · 
.. 54 
.:5.5. 
·56 
5'7: 
. . 
:58: 
·59 
~'.o .. 
Gt 
6'2·.··' .. . 
.·. 
-6.3: 
.· .64 
. 6.'.5 .. · 
Number of 
Variables 
. 1n a Multiple 
Choice 
Constraint 
. ., 
.; 
(L) 
4· 
., 
4 
4' 
. ~ '. 
-4 
·4 
·4. 
4· 
l ,.· 
4 
-~ 
.4 
4 
5' 
.. ·s- - . 
'5 
$ 
.. 4. 
4: 
~t 
4:· 
:5 
.··:· 5. 
s· 
.. 
5-· 
"·;5 
5 
4( 
5· 
_5: 
5 
·5.;; 
... ,. 
:.,..· -~-··-··· 
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TABLE 2 (Conti.nUed): '.\., 
Number of 
Multiple 
' Choice 
Constraints 
~ 
··" 
(K) 
5 
5 
;.5-· 
'5 
·-0: 
·6 
:G: 
6 
7 
:7 
-7 
7· 
'.8 
:a 
8-
• '.Qt 
:8 
7 
·t 
7: > 
7' 
8 
s· 
8 
.8 
l--1 
t:b· 
11.· 
·12 
l . 1;5 
'·'I' 
Total 
Number 
of 
Variables 
I:).: 
( n) 
~ 
20 
20 
2·0 
·2t): 
.24 
· ..... •' 
24 
.. 
2:4 
·:24: 
.:2}l. 
2::s 
:~::~ 
,2,8 
3:_o· 
~a:o 
_3·:o: 
:30: 
32· 
•. 32 
3:2" 
3~ 
J'.5 
·:J5" 
'3-5: 
3·5:, 
4:Q 
.4.0·. 
-40· 
4.0 
.44. 
.·, .. so: 
,,55, 
60 
.. 
7{> . 
,-. 
Number of 
Inequality 
Constraints 
·w. 
"'%, . 
(m) 
4 
4_. 
:6 
4-
4 
4 
6 
4 
4·-
4. 
'4· 
.,._4: -.~; 
1·0·. 
·IO: 
1:0. 
:~o ~ 
12 
8: 
-4 
·6· :: 
.. • 
5 
5 
5· 
:5. 
1.:0 
5. 
10: 
-·~ ........ ·--- ~--
I 1·0·.' 'i. · .. ; ·. '• 
4 
5 ., 
5· 
5-
:,5 
"'·· 
~-
Problem 
Type 
1 
2 
3~ 
·4. 
1, 
2· 
3-
··4, 
.. ··-1· 
.. 
2: 
·3 .... r 
·4 
1 
.2: 
a-, 
4 
I 
-i·.:., 
3: 
4 
1 
'2: 
3 
4 
1 . 
;2; 
3· 
4 
1 
.l . 
~l 
.. 1 
~:i: 
... 
. ' 
,r: 
,,. 
r.•f 
, 
, 
·J 
.. ·11,. 
·~. 
'7 
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written in Basic Assembly Language which calculates the time required 
,. 
~-./ 
• to solve each problem. The timing subroutine is the wo~ Mr. w. D . 
. ,-Seelig. Each program was. modif:iet:i ·s,o that iµput-~output times were not 
·-
included in the sol tit io.n time -( i .. e ·· f. only Cex1t:r:al Processing Ur1it ~---~ 
t fmes w¥e calcul.ated) . . . . . ~:ach of the a·bo\re ·pro.gram$ then outputs the.:. 
optimal value of the' obj.ect·tve fun·ctto:n, the ·values (O or l}~·f the 
de:cision vari.ab.le:s:, and the time .requi-red to. s:o'\ve· the prol1Ie··m~ 
·s 
All .o·f the .:c·omputations for thi.s· expe:rltt1e)1:t we,re ,pe,rf.grin.~d us-ln·gr.' 
the a·:b·oVe _progr·ams :on an IBM 360-50 compute);·_ .. 
ci. •' 
,e'ff·ec:t1 v·ene$·s o.f the propo$·ed· procedur~ ;. however:·, 'in. :ac,t·µa:1 pra.c-tJGe 
--
- -
·s·hOr,test :iJossi'ble tfnte. ··Therefore, the c.riteriorr for .d .. ete.rm:1,.n,fn_g. 
w-hf.ch )ileth-od is th:e. ·most· effe;c·tt ve will be· :t:-h.e t.tm:e .. req1(1.r~d to- solv,~ 
th..~ p:ro.ble:ms. Th.Iis time t;s de:fi.1:1ed as t.he. Cen.t.ral... Proc~sstng .unit· ~ . . 
.. time. ·requ-ir·~q .f.o ;f-i.nd and prtjve th:e. :optiiri:a·l. so:t,ut.iO<)n... T,hus the :re~ 
.. :S·ult:s of. the. experi~e,nt vti:r1 be. -t·he t-ime :requi.red. · to ·$01.ve. :e·a:ch. .p~~o:b·~·. · 
l·ern. ·by e~t:h of thef three· m.ethods. 
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VI. RESULTS 
After each test problem was solved u·~·i:n:gi each: :9f the three meth-
•' . 
·od·s. on an IBM 360-50 computer, the r~~qlts :were tabulated. Table 3 
shows the time in)econds required t() solve each of the probl.ems by 
era.ch: of tire three methods. The _optimal solution obta.i-ne_d: f'or ea:c·h. 
:P.'1:bpos:,ed i.n ·th.i.s the:sd.:s s·.ol-ved' Elv·e ry one. of t]l~ ·S·ixty .pr·(Jblerns ll$_e,d 
for :compa·rlson in Iess. time: thatt di'd t·h¢ :Lemke-Spe.ilb·erg a:lg.orithm.-
. .t':·. 
,Th.e: Lerntke:.;..S:·p~.illterg ·aJg.q_ri'fhm: w-a~ at-terrrp.t~d Ori problem.· number :6l. b:ut 
-w:as· n:ot .a·J:?l~ to .f 111-d any· f~_as--±.bl_e soluti:o.n i.n t:en. ·minutes, whtl:e: the. 
: 
. 
p.·ropos:ed: _p.1:o·c~d-ure: 'iound a.nd v_e.rifte·d the -o.:ptimal ·solution in. e.i~]:1t:y-
.lern ,3 W'hich f:s -a ·t-rt vitJ'l ;·Pf9:fJ·lem: coi(t.~i.n:i-ng _ only fou-r var'iabl:e:s. .In. 
every -othe·r · ca:se· fhe .prop.qs~d prbce.d:ure s.ol.·ved: the problems I.n .Iess: 
, 
t-~)ne tha~ -d-:i.d the Balas al.g.orit·hm. S-i,nc.e, th~ B·a.i:a·$ a·.lg.qr.i_t_hm -¥/:a,s 
was. n,ot ;:itt~mpt-~d on: :a.ny pro'bl.em·s af.ter· nurnqer .56. 
"' 
/, ... ~,,- -~.· -
_]3y -examj_nt.ng· the: mag_ni't.ud;~- Of: th_e· dj_ffetence~ })_etw.~_~ri_ 'the·· t.i:m~~S· __ _ 
. -- . " ... -·- ' ' .. ' ·---- "' . ' : --- ------ -----·--·-· " -· ._, " ..... ,." ""' .. '"' ' -· "" -- ' :·c;:;_ :· • 40 --- • -
. ·$hown i_:ri Ta bl_e 3 -,- we __ can see that the pro.posed p·rQcecfure is mqre _ ef f i_--
c-ien t than· eithe! _t~~ ~~!Ilk_e--SpeilQ~~-g_ or Ba_l_a_s. ____ algori.thm~--eve.n- f-0-r~- t:hB- -
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Problem 
Number 
1 
2 
a· 
4 
5: . . 
.6, 
:7 
8 
9 
10 
11 
12 
13' 
i4 
1S 
.16: 
.17 
- I]~. 
19 
··2t) 
21 
:2-.2 
... - ~ 
.2-3 
24 ... 
.25 
.;. . . .. 
2·6: 
.. 27· 
···-- .2:s . 
29· 
.a.o. 
~31 
.3.2,· 
.3,3 
3.4 
---
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TABLE 3 
Re$Ults in Terms of Total Time.: .(in Seconds) Required 
Number 
of 
Variables 
•;,, 
( 
.. 
4 
:4 
4 
4· 
:6. 
6: 
'6 
'p 
-$.: 
·8:· 
s· . .
'8 •, .. 
9. 
9· 
:9 .. 
. :g· i" 
1'0· 
10 
10 
10 
12:. 
r2 
12· 
.... 
12 ,. ' . 
t·s 
1:5 
".1.5·: 
.. is:. 
'.18 
,, 
-·· . - - . ,-. .. 18 
· 18 .. 
18: 
.... ,:20: 
2() 
•, '-.a:· 
Proposed 
Procedure 
• 07 
• .OS 
• 07 
• 
o·s 
•.. 07·' 
... 07. 
. 09. 
.. :i.o 
.:os 
·~·':2·s 
• 13·, 
.• 1.5,: 
·~·J:2 
.. ,lfi 
.1~7' 
. $:2: .· 
· •.. 2.·q.: 
.Jto·. 
.. ,3'0 
.. :r .. ·3 
.;33· 
· _45: 
.. < 
, .. 2·4 
.46 
· 4···1 . ' ." 
• .. 17 
.. :37 
1 .• ·Q'6 
< 
1 .. 29. ,. , 
· 1.1 ... 9.· 
• 5'.3. :.-· . ' .. 
, 
. ).,. 9:6 
Lemke-Speilberg 
Algorithm 
.15 
.. 10 
.. 13 
.,.,10 
.·2·4 .. 
. l:8 
·~. ;1::5 
.. JtO 
··3····5·' 
... . .. 
~:44·. 
.. 32 
.37 
... 37 
:.22. 
•-: ..... 
•. /2'1 
.45: 
.60 
.~:7'8 
.:76· 
~:8-5' 
.-9=3 
. 7:5: 
• 6:'7 
''7() 
•. ~l.-
1.,04. 
.2:·~ 7:4 
·2·.~30 
·4:.,6'.'5 
4~:5i 
··3/3·8 
_1i,.J:25: 
. 2 •.. 43 
(3· .• 49' 
..• 
Balas-Geoffrion 
Algo_ri thm 
I. 
.11 
.07 
.·0·7 
.·10· 
•. 2.5 
19 . ,: .. · .. 
. 17' 
•.. 1·9: 
~ lt3 
i.0.8 
.• ·'58 
·~.st . 
1.·:01. 
·~ 4..3. 
.. 82 
1 ... 2:3. 
}; • :L3: 
1.·6:7· ~· 
1.:.13. 
3 .. 08· 
:3 _4·9 
. l. 94 
2.43 
1.44 
·.9,.17 
· 2. 06 
5.48 
· 9.1>9 
-41. 5,3 . 
10. 46; 
18:- ·56: . 
14.94 
10.76< 
25.28 
- ~ - -=--------==------=--- ~~-
-~----------- ~-- ---=--=- ~--~--=-~--- -
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Problem 
:"-
Number 
3S 
36 
3··. 
·7 
·3_a 
39 
40: 
-41. ~-
·42•. 
4·3 
. ·-. 
44 
4i5 
:4p 
.47: 
48 
• 
:, 
49'/ 
. ~; 
·50. 
!5·1 
52 
5·3: 
.54 
:55. 
,·5J5 
fj.7 
58: 
5:9: 
60 
·6· ..... 1 . 
62 
>,. ·- ..•. -~ 63 
., ! .. 
64· 
:.6:5 
-
. :, 
. .-o.· ~· 
Number 
of 
Variables 
20 
20 
24 
24 
24 
24 
28 
2.8: 
::2·8·, 
· .. •: 
28: 
~o 
3_0 
. j:.(l 
:30 
::~.2 
3:2 
32 
3'·2·: 
35, 
·.3!5: 
3,5 
:3.5 
40··' 
~to. 
.4·.o. 
4c)" 
44 
:50 
o·~ 
60 
•·•1 ...... .:..., .. •~·-· 
.. ·. 
7:5. ' .. -.. 
·~ ···~.· 
.. · ..... --..... ... ...:.---·-·~· - _ ...... ---·- -~· , .. , .. .,.. ,,. - . 
• I 
,. 
:f 
.... 
.. 
:58 
TABLE 3 (Continued) 
Proposed 
Procedure 
.~ 
1.07 
4. 82. 
• .:24: 
.:6·2 
·3 ' .... 09 
·as·:.2:.9_ 
.. 10 
i·.·23: 
2:.• $}. 
·2.s-.20 
1. '68 
. . . . 
·31·.,8:2 
J ... :59 . 
.. 72 
'J .• 2:5: 
1.s·.s 
:2: .• 4.2 
1 .• 2.6 
1 .. 15 
3:2' .'()2· 
··1. 48 .. 
2 ,,9:1 
:9·.:07 
2·58 ,,9:7 
,_, .· . . 
.g •. 32' 
4 •. 46:· 
8,6 ~:19 
··' 9:.77 
.'22:. 89 
·: ... · .... 16·. 80 
49·,.·67 
- -- ~ 
- -- -=-= 
Lemke-Speilberg 
Algorithm 
3.39 
5.11 
.'.4· .• 57 
4·. 01 
:li 
• 6 .. 3: 
1.2 .. 65 
36: .• 63· 
.2:. 6.8 
1.0 .• 4·6· 
:·32:. 02 
l 7· .. 3·f) 
192 .·76. 
1,3 .·36 
1.·4:5· 
:84· .• '88 
.5:7. 8.1 
:15· .. (3'1 
91.··3.9. 
· '6·-2 .·17 
163,.59 
18. 31 
,· 4 •. -3:9 
127 ... 56 
13:so. s2· 
.... ·. .·' .. 
1-so. 5:7· 
lOtl. 49. 
* 
.:·.. . '.: .' 
Balas-Geoffrion 
Algorithm 
.. 
13. 85 
52 .36 
69 • 28 
14 .. ~9 
,118 
• 74 
262 • 71 
897 .1.4: 
22 .189' 
43,~·85' 
59'. !t4 .. 
. ' ~ ' . 
~.46,.· .. 54 
:227 .·64 
2g:3. 82 
6 .97 
2476.87 
284.81 
:I33:. 32 
571.05 
671.-49 
447.63 
114.98 
59.37 
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magnitude of the differences is much greater than was originally ex-
pected. In the case of problem 53 the proposed procedure is approxi-, 
• mately six.lj times faster than the Lemke-Speilberg algorithm and 
si.x :hundred times faster th~n the Balas algori thrn. In some other 
\,J-· 
..... 
ca.ses· the diffe·rences -are even large.r. 
the hypothesis that the:- so.lu,t.ion time, 1;1s·in_g thl9 proposec;:f proc:edure f.s. 
-signifi.cantly les.$ tha·n t-fie·- soiutfon t:ime .. U$~ng ~~ther·· ·t.h·e ·B·a1as or 
L,eni:ke~Speilberg algo-ri.t .. hms.,. such a stat'istical test is· not nece~fs'.~,r:y: 
T$-ble ;3 als"b' sho·ws,··that: i.n ge·n~:r-al the ·Lenike~$p~il1Je'}:·.g_·: .. ~;l,go:rithm . . 
·is mu.ch fa:ster. :tha:ri the B·a1as alg_ori.t.hm. ··':P:hts. co.nfir·ms the c·.l~.i.m 
. ... . 23 
. •· nt~d·.e · by Le.mke and s:p~ilberg th~t. their·- -alg,orlfhm: i:s t·l.it.e-.~, t.o·, .:fo,u .. r 
ttm:es f·.as.te·r·. than ·t.be: algqrithm of Ba1a.s .: 
'')"', 
_,;.. ... 
,· 
·sib:le· ·so-:J._ll:"(::i:t)n. bJjtaine.d :W~:S. calcu.Ia·ted: a.nd prj.:i1ted ~lon:g wi t·h the. ·COr-
t·he· .t>ercen_t: of opt:imalt ty .could ~e c~lcul-ated ·for each -f'~--~$1·ble solu--· 
\. 
.. t1on. . I . . . 
. The p~e'nt o·f o:pi;:i)ri_,ali.t·y .is d.e.:f ined as-
S7 .. :~, ,:. ·~ 
·,..· ;. 
) 
-~. 
,. 
' 
\ 
.... 
_;/·:: 
· .. 
·G.0 
( 1 
_ z~ub~opzt .. -. zopt.) 
X lQO::. 
opt. 
''>- ___ /· 
s-o:11..11;::i..on and the corre·spo.ndin..g· ·p .. erce·nt :Of. 'OJ>1(im-ality t"t,r f:!ach: feas.1--
J 
b-1.e s·ol ut.i-on .found. The· re:sul ts a.r·e :s.hown for the ·twe:nty-fi ve· 
- .-.. ~ ~: 
tirtfal :solution. 
_, 
:f"inds a :fe.asi·ble solution.· ve·ry q.t1-ickl.y when C<;>JJ1p·c;1_.red to t.h·e· to-t·a1 
'.t.ime= ret1-uJ.red to ... s-olve a. _part fctila<r .probI·En1~:_.. In: t.he majorify ;or .>'· 
'4-·. 
.also :see: that:,. whe:ri f:h·~· tits:t Je.as.ibl·e :$t>l.Utifp:ri .is. :th·e op.t,i.nial .solu.-
tfon o.r .fs a.-t .le:ast v~ ... ry cl.ose t-o. tb.e c)ptt.mal.. ·solut·ton ,: the zn~jarit_y· 
o.f· p:roce·ssing: t.in;te ._.seem,s ·to b:e us:e:d in vefi.fyi.ng -t~e opttrna.l solutlon·. 
Th:is is particula.z:ly true ... for ·pr.o·b:lems. 4·_6, 47; 54··, 58., 60-,. :a:nd· 6·4. 
·! .. 
, The prQCedure seems. ·to pro.g:r·ess· :-e-h~ val1:1~- of: tJ1e obj.i_ct_!:ve· func-· ...... '. . . . . . J, <' 
. 
. 
•,: 
.r~.b:1e 4., show·s. t10 p:a-rt.·i.C!J.I.a·r t_·r~!?-·ds~~-1.:tb.~~WhiJ:.b~thEL,,.p:ex:f-o,,r.m:a-n-e-,e·~.:e::f=~-li'e~---.. -·~·--· -·-~-,~~-~ .. -·_· - ---,--~·-··- .----- ,_,__, __ r---:- ~- ·. . • . 
....... 
pro-cedu·r.e·: can. ·b~ .. pr·edic-ted J·o·tne:t '1;::h_ap the· f'acl that the ·first feasi.ble . . ,· ~ 
.-, 
solution i~ us:ucill,y .. a g,ood su.·bq·:p·t.tma:l '.solutfon and 1.s us'ual-Jy foUnd 
·. \ 
very qui~kly. The unp~edictability of the re~tiitsLis··not q~ique t·o 
. ., 
• 
M.• 
,.; 
~-
, •••. 'II.. 
-----,._~ -· 
• .l_ 
. . . 
' 
·:-.._., 
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TABLE 4 
Performance of the Proposed Procedure on the 25 Largest Problems 
Feasible 
Solutions 
1 time 
% opt. 
time. 
:2 
·%:: Pitt, .• ; 
3 ti~~. 
"'
1
, ·Op· t i /0 .. · . 
. time 4 · .... 
· .. · '% opt· •. 
. tfme 
-5· %. (Jp,:t. 
· 1-. .t:f:me 
,,,. Of' - . t 
... ./0 OP:·:~. 
8 ttme 
:%. op·t. 
.. 
l'<J time. 
•:: 
% op· ·t .. 
. . . . ·-- " - ..• --· - _.,.,, · ... , . ~-- · .. -'-·-
time 12 :%. o_p t. ~-
' 
. (: 
41 42 
.15 .20 
100% (. 55) 58 .. 8% 
1.09 
.100% 
( 
• 
14) 
.. ·. 
... 
~--: ·_ :: - .. ·.· 
~-
~--
1 
Problem Number 
43 44 45 
.2:3 
.60%' 
. .. 0 
• 5·3 
70% 
:1 .... 11 
.7:;5:%· 
l .... 65: 
:95%' 
2.20 
10:0.% 
(. 61)· 
•.• \--;-' 
''):: 
2.71 
44% 
9 .. 3J~: 
:Q2:%. 
13 .O:l 
:57.%: 
21,. 6$ 
·6.0'% 
2<3 .01. 
64'% 
28.05 
100% 
( .15) 
-
•• -..... . ..:,.- ,.'. _: -· - • . ·,-,. ••• -- ···- .a .• 
-·:. 
;J:. 
.23 
73 ... 7% 
1.21. 
~,4/%f 
.J ~,.51 
.10:0% 
.(. •. :17) 
46 47 
1. 10 .33 
100% {30.72) 100? ( 1 •. 6) 
-
._;/. . 
./J·· 
. . . . . ,,.:~-- ' 
·--~. ~ ~.: 
0 
.. 
• • 
.. 
·' . 
·.~· 
. ·-
,fib 
t 
' :'I:,() 
·-. ··- .• - •. .'·,=. ··•··"·- - . 
Feasible 
Solutions 
time 1 % opt. 
time 
2 % opt. 
. time. 
a. :%, . ·o·~·t: • 
time 
. 4 . ·.-· . 
''.% ·:op.t", •. 
t.tme 
·5 .. ,····· 
·.· ·% opt. 
time: 
.. 6. 01 • .. ··t 10 9:P,, -~-
-t tme 
7 :%: opt.-
t.~m~ 
8: :% opt. 
, .. 
.time 9 % 6Jlt.. 
time 
·to %' ·q:pt, ! 
•· 
ttm~ 11. . . . 
·% opt. 
,,,,•r.-- ' "_. ---•-· -.~-. " • ' 
.·4-., 
•. 
48 
.35 
100% 
(. 37) 
: :'.'" . 
--
I 
49 
.38 
71% 
4. 6.9 
·10·0%-
(2. .. 56) 
. . .... .... , ... ;" 
• 
. • 
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TABLE 4 (C0ntinued) 
''""-
Problem Number 
50 51 52 53 54 
.49 
76.2% 
.25 
76.2% 
.43 .20 1.88 
61.8% 61.2% 50% 
.65 3.16 1.··72·. .60 .61 .,, 
66 ... 7% 100% 
' . 
. . . ~ ..... ;-,:: . -. 
.~().0.%. St% 85.8% ( .. 16) {28.86) 
1. 15 1.04 • 9·7 
9.0 .• :q% J.00% .. 
( .:22) 
1·00% 
( ... 1:8) 
1. 45 
100% 
.... 
( .97) 
·.r 
-:·• . ..---.. _·, . 
' .. - ,'f• .·.· '. . 
.,.. 
., •.II'. 
.; 
'.'"-~---':'*"""·; --·-7·-~.'.- - ---- • __ .., .... ~ .. .,-_, -. -.r--;~ 
- ·--· .. - .. -~·-= -~ - -- . - .. . ~ - -- -. ; . -· :. - -. --
. -· -
- .:. - ~' ··.:.._· - :..._, - _· .... -
-- - ... ·- . -.--,- - --- - •' ·--- -·" ~--.. : -. ----
. ,_:.-
,, 
--~-:· 
.. 
\ 
~ ,. 
,. 
( 
- - - - - -
! 
-~. Feasible 
Solutions 
time 
1 % opt. 
time 
.-2 % opt . 
..... 
ti.me 
·3· % :op.t. 
·' :tfme 4 .... • ·. 
. . . ::% . 9·pt .. 
/ / 
t·tme· 
;>: %· . O.P. t .. 0 . . ... 
·t ±me . 8 • .. 
% :opt.. 
time· 9' % opt. 
time 
.10 % opt. 
· .. ·- t.ime 
~,:-· --- , -----1 ·1 - % opt. 
.,· 
:. 
- ... - -. - - . - - --·· . .,, ·- . _ .. -·- ... 
55 
.30 
87% 
. 53 
91.4% 
~90 
95.6% 
1.2:·s: 
I.Q.o:% 
( •. 2.0} 
.. 
--·:,r~ 
.. ' 
. . - . - - - ,- .... _ .. - . ' ... - .- . -:-- - -.- --~ : -.- . -. -. ·--_.· .. - - .-·.-.. ·.; · .... ··: .. __ . . - .. --
56 
.25 
100% 
(2.66) 
63 
..• 
'fABL.E 4 (Conti·nu.ed) 
57 58 
.41 19.01 
65.4% 9~% 
2.·44 19.27 
.• •, 
81% 97 .·5% 
3·. 62: 22.40 
_9E(-•. 3.% 100% 
59 60 
. 58 . 66 
83.5%~ 100% 
(3.80) 
3 .~1. 
8··6..% 
5.04 
100% 
(236.57)(4.28) 
5 .. 95 
1.00% 
("3·._12)· 
.i: 
,:,· 
~. 
-·" 
··~· . ... .., .. ' .. 
-~ 
4 
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3.09 
88. ?.%: 
2·a. s.4-. 
92· •. 5.% 
48:·.65 
... 
. - .. 
:~6·:.2%· 
.100%· 
{16;:. :72} 
.. 
- i. '' 
1· 
' 
·t 
- ... . --, .. ·-· ·- ,,.,; ... ' . .,. 
"\ 
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.. I TABLE 4 (Continued) 
Feasible 
Solutions 62 63 64 65 
1 time .42 .84 . 61 • 95 
% opt. 83 .2% 72 .3% 95.5% 65% 
2 time .77 1.01 4.85 1.62 
lo opt . 88. 6% 77% 97 .8% 77 .2% 
3 time 1.90 1.36 5.15 16.53 % opt . 9.0·. 5% 79. 5% 100% 1~0. 7.%· 
4 tfnie: -5;. ~t3 2. 84 %.. O_p.t •: 93'.. -5% 81 • 2 % 
5 'fi~e 6.29 3.59 % opt. 97% 83% 
time 6·· %· "CJt>.t .• 
t itne 
. ..- ..... 
8 
-% ·opt. 
, :~ t:im·e: 
. % :6,Pt ·.·: 
·t·fme 
.10: 
_%· opt. 
time:·· 
ll % ()p·t·:• ' 
time 
.,- ... 
6~7 
1~0% (2.80) 
; ... ,._..~ ... -
~-
5. 72 
B.6. 5% 
7.98 
. 87. 7% 
8.17 
90% 
12 .·2·1 
93 .• ·_5:%. 
:l2 .. 9,j 
.. "95·. 2%· 
20.86 
97. 5% . 
YI, 
. . ····-·:·::..;.:.·-- •-.. - ....... --·--··-· 
t 2.1 • 43 , .... 
( 11. 65} 
.. 
.. 
\ -
.--16.89 
84% 
" 
17.13 
91.2% 
19.22 
94.8% 
19.87 
. 96 .. 5"% 
24.18 
98 .4% 
26 .89 
100% 
(22."78) 
. . -- . -· - -- .·.. -·· ----~ 
._·, '.'. 
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... , .. 
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this procedure. All algorithms which are enumerative in naJure seem 
to have the same unpredictability. We do know that in general the 
time required to solve a problem increases as the number of possible 
~ 
·combinations increases. The time also greatly depends upon where the 
optimal sblution lies (i.e., whether it, is close to the maximum or 
~:inirn.um of the objective funct~o.nl .• S·f:nce this. is usu·ally not known 
·, ..... , 
~·· : ·' .• ''..: r : • i :-: • 
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VII. CONCLUSIONS / 
The work performed in this paper has involved attempting to find 
a suitable method for solving multiple choice integer progranuning 
problems. Such a/ method/ would be val~iable because practical problems 
~f the multiple choice ·structures~~ frequently ~ncqµntered in indus-
... 
/ 
. ln· ·particular, this inve:stigatj.6.n .foc.us:ed .on. a. 
·b.r..:anch a·na·: b.ound ·me·.-~h.Qd f:or imp1..icit enurne.r~ti..o:n.. of the multiple:. .. 
the a_µtho~ ·takes advantage ·of 1:-he .particular structu.r~:· :and· ch~ra.cteris-
:tics .. of dif:f·e·re:nt· types o·f pr·ob·le-ms :wi.t.hin t,h·e multi]jle Gn·cfi¢e. cla.ss·. 
Th.e, pr.o:c.e.dure ·prt>PP$.e·o in this ·pap·er w-as c·om_p:a:r-eo. with the zero-
:9-n:e ·tn'te:ge·r p·rogra~:.111,·g: algo:ri thms of Ba:1as ,. as :moq~fied. :by .Geo:ffrion-', 
~iti.d .L.emke:-:$pe11·berg-. Thi.s c.om:partson· ·w:as ·Ill}ld·e .oh sixt.y .randomly. 
".> 
:g-ener-:ated t~st p~oblems :o:f the multiple ·choic·e. t:·ype. to· s·e:e- :wh'i.·ch:: :cif-°t·i" 
th'~ nte-tl1ot1s:, :i/f a:ny:,: was best at solviµg suc·h p,rob·l.ems .. Th·e .resu1 t.s 
·-:: 
.qj\ th_i$ c.qmpartson s•howed that th.e p.ropos.ed procedur~ ·\\(a$ cJ>:h·$i.de.-r~bly 
mo.re. @d,icient than e:itJier- of the other- two me·tpods Wb¢n .;ap.plie.d to 
,-,_.,.J,o,<· 
. 
' 
pr.oblems· :of·: t1te .. m:u1t~ple cholce structure .. rvJ$: juqg·e.ment ts ·-based 
.. 
oh the fa:c·t that t}1e. :pro.posed .pr,oce·dure· solved -:aI.mos·t all o.f the: pr.cflj-
.. 
l ems in a $ h·ort ~~ ··t irile th~ h. d. id .. e.t ther of the ot. her two .:method$ ' r a.n...ct .· . ... . . ·- - . - ·-·.··· .---.. -"·-·~ · .. ~ .. ······-·· , ....... ,-,- ... -....-.............. _., ........ ..:· ~ .. ~ .. -·~---··-~-· .. : ... :, ...... , .... , ... '·,--··· _ ....• ,... - ,.. ···-·--'-·· ... . , .... ,..-· ... --.. "'"'·•· ---·--. _,-__ ...... ,,,:.~,-.c•., ·······~ .. - -.·-· ... , . .:__ .... r.--, .• ,,.-". ~·-··· ..... - •,,, .. , ... , ,.,- . .-... " - - _,,,;, "-~···:··"'-,,;:...· ··-- .~ ' - -·~, -, .. , . ., _ .. _" ~··. _-----,: ,· '. ---- ------~-------•. ---__ _____:c_ -
the magnitude of the ~ifferences in solution time became intreasin~ly 
larger a~ the problem s.ize increased. 
The lt>ngest time take.n to ·.solve any <one. of t':he _ :te.st ·_proqlerrts · 
~· 
. .,,. 
.(numbe:·r .. $8) u·stng the -proposed. -pr:oc.e~ure: was _4. 3 :mi·nu:te.s while ·-eh·¢ 
.. 
·Lemke·~spe.tJ:beirg ·a:l·~orithm t.:ook· "tw.:enty-·fb.1.tee. mi:nut-es t~O:: .solve the -.s)im.~--
:· ·11 
'-. 
\ 
._;.;.· 
. 
. 
-· .. - . 
• -
- • ••. C 
_. -. ~ - . - - -· 
- . . . .. . - - - - - . . -
• 
.61 
• 
.. 
problem. Due to the~ng·processing time expected, the Balas al-
gorithm wa·~- .nqt 'tried on this problem. The longest time·taken to 
splv_e a p~:obJ-em (number 48) u$.in_g the Balas algorithm was forty-one 
·mtnutes:, \v_hil·e- the Lemke-:Sp~ilberg algorithm solved. thi? problem in 
lb' 
. 12 minu.t·e$ :· 
~-
The' ,inu'l·t-ip1~ .c:hotc_e: c<>n$:t·taint·s :t\rhps,e s'Ummat i.o,n ·eq_\ta_i-s: one a-re, 
... :alway._s. $:~t.:i-sfi:~:cf -wt-thin the J>ropose'd coinputati9Iia_l ·proc·¢c:iu:r_e an'd ·. ' 
thELtefo_re d··o '.h-dt: have· to· l5e ·f.nput at.1-d do .. nq.J require -atty s to·rage· d_.:ur..;,: 
-~ 
0_11,~ c·-o,n>st:ra.inf 1es$. ·tl].~n- or -~Q:_µ·al to -.on.e ·-and the. other c·o_n.s:t_;raint. . ' 
. ·--·. ,:: . ' .·· ..... .-~ .. 
-
- -- -
_greater than: or· ~qu~·1 to one. --'T-he·-se p;o:ri-s-tra.ft1ts mu-·st t_hen_ be inp-µ/t.-,_ 
-slor·ec;i_., and ope-ra:"'.ted: ·on ·d.ur1:J1.g p:ro·c<::fs._s trig:. ln ·a mu1 t ipl e_ cho:f.ce · 
·problem :c:onta:inipg_ ._n vari·a·b.Je·s and. ~: .m41tiple c_hotce- c.on~i"tr{lints-_, t)1~ 
• :p.ro:pq$·e·d: proce"du·r~ al-w-ay:s teqtilres .a_t least 2Kn less ·-s:t(?r'.~ge· t'lta:n 
e.itJter ·tl're- Bala·s or Lemke:-:$p:eilberg alg.orithms. 
:dure a-re: 
•, ~: 
·. ,·. 
:(1) A:,ddit-i·p11 :a:nd su·btraction :are the only arithmetic opera'tion·s. 
' 
involved.; thu·s computer. round off errors a:re -~i,de_d-dl,=~· .,,.,.=-
...,_;.,,-~,==...;.~_;,,,.~_,..;..,--=~=-c,~~0 ~""'"= 
---~-~--~~~--- --~~- ·--~~·~·~-~-~~----~-~--~-~~~--~~ - -~~ (2) A gqod-~uboptimal solution is usually found very quidkly ·· 
,. 
e·v-en f.or large p-roqlems, thus a hop·e:folly _goo:d ~f°easibl·e· S'.ol.-u--
-
ter~ttti_n_a tion-•. 
--------
I 
I 
! 
1, 
:,\ 
.A;. i,-~. 
' I - .. . - . . - .. .. ~ -~' - . - "' . . - .... .. ~. . . - .. ~ . . 
' 
·,I 
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(3) The procedure can easily be modified- ~o incorporate other 
\ 
tests such as a known minimum lower bound, or can be tailored 
for spec~ric applicatio~s. 
The procedure presented t-n· this the_si·s. wa_s t.·r)._e.cf ·on_. one large 
·:problem containing 1,199 var.tables and e.l.eve:O: ·tneq:u.~lit-y constraints. 
This ·proble·m· was concer:n:ed· \Vith the assignme·nt. :o·.f 109 com-put.er :prn~--
.g:r.ams to e.1··eve:n p~tg~s -~f- c:c>:r~ s·:for.age at1d: has es·s:eritia ll·y· th~ sam.e 
---
f·o-rmulat.io.n as: th·e job_ scheduling J)roplern. A .feasible- s-olution to: 
:"" 
.in: :11i-nety ~ddit_ipn.al mtrtutes of· p,rocessin:g.· ti.me·; :h.owf3ver~ thJs protle_nti 
.. 
W.~:S· one ih wbicli a. ·m.:i.nimunr p.oss:ip·le -v~lue of th.e O_Qj_e:ct·_ive f·uii\ctio.n 
GO:.o(Jld be .. calcul._ated. The. minim.um pos_sib_le. vc:t-:1.ue w_:qs 9.2. Th·_erefo.rEr~,. 
·th:e: _pro·.cedure had found .a fe:astbie so.lutf:on. t.h-at was :within, 98.9.· _per.--· 
,_;... 
... 
d:ur·Ef tn· ·rts pres:ent f.o.r.m does not ma·ke -use of.- a known in1n_imum. low.er 
!. 
bound on -the Val_ue o_f tih~. ob_Je.ct..i.v·,e funct fori} howeve·r, :s~h '<?- o.01ind 
,. 
-... '. 
~:s ther _problem p·.re.s~nted -here·. 
·A\l_t-hou:gh_~ wit·h the res:ults avail·ab1:e. :h.e.re·, we canno·t_ ··w.tt:h an:y 
.. 
-,;; ... 
:g_re,at de:gr·ee of ac::cu_rctc:y predict how :tar·ge •··'?. p.ro·b:lem one might· :~j{p~ct 
·, ~s ___ • ..., ____ ~----~-~-"··="···-~=- ~ .. ~ ... ~:nn~~:.::. ··,--.. -.. ;• ··.· ... -.· .. : -:--·--··-··•_: ............ ·~·-'···---··-·-·-------. -~----- : • • , .. --~ -... -~- ·----- --------------------~-~------
-~=------·--~~--.-----,.---------~·---..:..L-_.:_·. -·--'-·-=_;_· ____ ~--· -- - ______ , ____ -- ___ , _ __....,_.. -~--..,,,..-=·=~_,,...,.,,,c-._~·-=c·.='"'·=---~-=-~·-"·"-0 '--= -~- - -
-~. 
·to, ... ,solve, ·we h:~1ve: 'show-n. that 
I 
f:er:s, . p_:rom-i-:s:e o·f '·-~ol-vin·g ~u~n 
· .. : :·· 
-: 
th~· ,p.ropos.~d c9mputatibnal procedure bf-
-~-, 
la~ger problems of the multiple chdi~e 
. -:one .. s·h·ou-ld be· a:lil,:~ to f:'i·nc;I reason_ably goo.d su_bqpf fmai soluf'lons to 
' -.."' 
I 
,,,. 
" .• - • • • • - - "Ill':,, - ., • 
. . 
I. / 
-
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very large problems in a tolerable amount of t1me. 
It is important to realize that, while the com.put:~t'i-c>nal proce-
dure developed he~e was applied to four types of ~toblems within the 
(~· ··multiple choice class, its true usefulness can .only be determined 
throug_h application to =ac·tual _problems. I\;·Should be possible to 
i:nt.:ro.duce spec~al var_iattons t'.o the _proced:ure which will great.ly im-: 
p_:r.·qv.e its efficie·Iicy· w-·hett iap.plied·: to spect··f'ic. proble:rns: :of a p.ar.ticular 
d 
.•. 
-a .. re d i.s.c·u:s·se_d, :_in. t;he .:riex.t ,cha:pte.r. 
.. 
<11.· 
. I 
"I,. 
/ 
-~·...:.-~ 
• i. 
'<.,.-. 't''""•', 
·/ 
.: ': . ~·.: 
,• 
.  
.1· . 
- ---~ -- - !__. - -- --=--- -=-- -
... ___ _ 
. ~ . 
··--- _,-f.MQ.SUS_fa&i ..... n-- -~ .. ~ -e ..... 
- ·-- - . - - - - . . -· ~. . - .. ~(". •-- - . . .. - . ·- .. . .. . -- . - ... --~ ...... - - -;. . .:_ - ·. . -·· . -· -· . 
~~~,__....__,v:::::=·~.;;;r-~·4~ 
~ ~ . . 
.;···- ... ,·_, 
........ ~. 
,-· 
_ .. _. -- :.. -- · ... 
'JO 
VIII. RECOMMENDATIONS FOR FURTHER STUDY 
Several aspects of the computational procedure are open for 
·further investigation~ First, it may be possible to bring more than 
one set of variables: i'nto :solution at once. ln t:he pre.sent method 
... 
·other v.aria.bles: fn ·th·at set ·are a:s·~ig·ned a v.alue. of o:.. It may be J:f(ls~: 
J 
·- . • . 
. :sf·rafnt· to· ·be .vlol~ited i:,:f as.st:g.ned a value o·f 1 .a.nd ·b.ri.ng :a:l.l. 't.:n~ 
~-
:t11 its. present form the proce.dJ,1.re .. mus·t ~ .. ndex th··r:ough all ·t-t1.e 
. _;.,1:, 
·,r 
·, va;ria.b'.Lea. w:hich are contained, in. f:he· ternpo:r~1ry· g;1rot1p .'I'· wnen ·selecting 
.;;· 
-. . 
one, o,f the' variables to pe a?:sigqed a v.alue of: J:.. It .m~.y li~ ·:t~~.t .fc>r· 
.. 
ce.r.f ain t.y.pes· of probl.en.ts ·only a .,·f..~W ot lhe va·r:iao.le:s :co..nt:a1:ned· ±.11 ·r.: 
. f 
.w1Jt:rld he:l.p to· impr:o.ve f.e~si:biJ.t:t,,y i:ti' a· p'a:rticular constraint.... I.n ·t,his 
.¢_a.s~· lf. wou:lq ·only be. 0neces~.a.ry ·to ~n.d .. ejC:: ;th.roligq t.hose var.tab·les ·which 
-
. . . ' 
-t,.;. 
the variables contained in ·T:. 
. . . . . 
~-
( 
The rule .f:or: sel~qtJ_:t)g .. ~: v~.ri .. able· to. b.e.: ·assig·n·e'd a v:.al.::ue.· ·cff 1 :i}f 
.. , ;:,, 
presently b-ased p:r'irnartl.y ·oit o ..Qtai.nlng fe·a:sfb.ili.·ty. It. ·gives: atte:t1.--
t:. 
tion to.· cost ·on_l·y· :i,n the case tJf ties.· It may :be· possi.ble ·t·o: gre~tJ.y 
. :w.eig:ht to th.e' c.ost c,qeff ictents. 
c· 
Ad·diti.on·~il study ·may yield better rul.es a·nd. :m:any new fe:atl(rre··s 
· and tests ·which ·C:an he ~d.de.d to. th·e compu.ta.ti.on:al proc.e.d:~re ..•.. , .. ··Wbe.t:he:t · 
·br .not these tests ·ll:nd: ru.Ies wouI.d also reduce the time.· ~;uire.d· t·o·· 
.. 
I 
r'·tl 
! . 
. •~' . 
' ~I 
,: 
"'· 
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aolve problems can only be verified through computational experience. 
Other areas are open for investigation in terms of heuristic 
modifications to the computational procedure. Al though heuristic, 
modifications and informed stopping rules based on certain condit-~qp.s: 
·caµnot guarantee an optimal solutioi,..,: they may off.e.r the· :g~reat.e{s·t Im·~ 
p-.tove-ment. i.n .e·fficien:cy especially for large. p:robi·ems. •· 
mfned:. ·amou.Iit ... Another :DI(>d-ific,at:iot:i wbuld ·b.e to q'.bandon ·all the .. 
s:Jred. W<Jtfl.d have fq: ·be. bas.e·d on the _part:icuI·ar ·pro.ble.m to be solved:.· 
i. I.p.fotmed stt>pplt1g. ·rules. ca;t1 eas-ily oe. ·.in . c;_or·pcYrtrted. in the c:orJ1:pµ'.-
t·ati.onal proc·ed.t1te. The~e st.o:J>ptng rules. :CJln be bas~d· upon ·a n·uniher 
' ; ~ ,·. 
clo$~.i1e.ss of. th·e: c'urrent valtte bf ·th·e objective fun:ctio.n to t·he- rrtt:n:J.-~- -- ;p . ·, 
?p 
mum vcliue, :or the !>pe.rceJ1.t~.ge: o:f p,ossib_le': edmbi.na.t.ionE,1·. ¢rtumer,ited .. bf· 
m.iJt~: :a ·s.a:ti:sf9Gto·:ry stoppi-:ng ru1e: f:or t?r.o:·blems of ,·a :Pa.tti.cular p_tr:uc--· ;,: 
· /·";;;;_;. 
. .. 
ifup.rovecl upon· .in t .. he f ttt:ure . ·Muc:h: work :is ·bet-rt.g .d·one in '(he f.-ie·ld ·of ~ ~ 
·arttq.'les: app.e:ari:ng.. 'Fin:ally, ·further s_tuJfy of t:he de?tail-ed struc:ture:· 
. ·,~ .. 
.r.·. 
.a: . 
. o·f mµltf.ple ·choi:ce p·roblem• may uncover s:t:ill better ·w~tho.d:s: :of s.pJ-.ution •. · · ··· 
•. 
' 
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APPENDIX A 
.All 1)1.) .. ustrati ve .Ex·ru111ile Solv.ed 
'',-,;. ;..._ 
~1· 
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- a • 
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Coriside·r t·he· f.QJ.JoWJ~g· :p.yp·~1thet.ic:al problem which is shown in 
r---
tab leau f 01,n:: 
.X.· .. 
'' l•.l :x. 12 
-·M .. 
. _ ID· ... ,z ,_.. $: .5· 
:·s.ub·J·.-ect 'to·· 
' .. -- ' 
1 1 
·~. 
·an·_d~ a.I I.. x . . ,=. () ·or· 1. 
1J 
x· 13. x.21 x22 
·4 3 4 
·1 
:1 
. 4, 
4 
x23 X31 x32 
2 2 1 
I 
1 
4 
X33 
4 
J ' . . 
l 
2 
·~: ·.1 
- l 
l 
<: ·5 .. 
-.. :. ·. 
<4.·._-. . . ··_ ' · .. 
~. · .. 
<4: 
--···· 
Obs.e,rve ·t·ha.t: tll:t·s :prqblem 1:s ,of. t;fte: first. type :and· has 3.·3 b·r: :·27 
_(... 
.. 
pO·$·sible co.mbinatiori$; it· 1.s so·1ved: u.st:qg. __ t.he. steJJ: b..Y steP ... P·r~re: 
· . 
.. $;~qWJi· i·n :·Figure: '2. ·Tho.se.. c.<Jm.lJf:rt.:~,t ;iqn..s. which have· .been :exclud·ect fro.rn. 
::s·t.e·p: 
. . 
Nurt{ber, 
' .. 
r . ·s . ..:.... .(.o ,. ·O. ,. ;__Q·).: o::-; . tt, o ,. c1 ;. o .,. ·oJ: 
.~~· = 0 
soln - no 
)' . 
C.otrib.in at ions 
Excluded 
): 
,I_. ••. • ""• •. •' M----·-~:'"·-.· ..... ··~--·--~-•--::• , .. •·._,,_'.'"~•-."'-~,oa·~.~ :~• ...... •~····. ;,• -· ., "t,.-~ .... 
-4 
·,·. 
T - ( 1 2 3 4. · 5 6_. , .. -,--_· 7 .. -,-.- ·8.·- ,_. ·,g.· -)·:: 
' ' ,. ' .. -, .. ,-
~ 
:f. .T 1 s. not - empty .·;._ 
5~ no f~ee set excluded 
- ·.· •. 
0, 
,.?.i • 
.... 
~I 
i: 
-~ 
) 
-~--~-
.< 
r 
' 
. . 
.. t 
. 
- . . 
: _· .... ·. : . ·. : ... · .. '.' .. .: ·. __ ..... · .. _.-_ ·:. :.: -.. · .... ' .. _ .... ·. . : / 16 
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Step 
Number 
6. For j ..,.,,. l_:, (-5' + :3) + :(--4 ,t· CJ) .+ '(-il +- O} :. ·. ,..,:fo 
_2;,,: (-.5· +· O} + (--1: + -'3) +. (-4: ·+ ·Q.) -=' -}.() 
k·' 3:, .(-:5 +· 0). + ·(-4 .+ o) -+ .(~-4 + _3) := ~ lO' 
4--,; (:-.5 f 4) + (;,_4 + :0:) + {-·.4· .. f' Q). =· --: 9 
:!>. ,. (--'-$: +. 0:.) ·+ (-4 + ·4). + ( --~-- + ·0) - .- 9 
-6i~ . (~5 + O.} + .(-4: + 0) + (~,.4 +· 4) =, - ·g: 
7.,_ ·(--·5· +· :2:) -·+ (-1: + ·O) + (~4. + ·(J) ,=. -11 
. . '<!"' . . . 
.. 
.8,. (+::5 + O): + {-'.4 :+· ·2} .+ (-4 + ::o) ;:;: ,-J.i. 
.p:ick Jo: :=. ·6: ., 
S = (O, 0, 0, ~ 1, _:1, 
.s.. 
-5 
y -
-4 
O· 
:g:. not a feasible so __ Jµ·:tio:n 
2-.: T: :-- (1:, 2:, 7:, a:J -
For j ~ I .. (_·~ 5 +· .3:)_· +· (--4 +.· 0) + . ., 
''._[,!', (_' :/!'k:._·· __ -~ ... )'}: J._, 
·~ 
(0 + O) - -'6 
,:2,, -(--5 + 0-) + (- 4· + ·3) + ( O '·+ 0.) """" -6: 
.~.i.~~·~.: ., 
. f 7· , {'~ 5 · + 2) + {-:.4· f.' :q 1 + (.Q . +· Q). =· -"--.it 
. (; . 
..,. 
]lic.k. J.o =: 1 
7'. ,1(N. = z:-
$: --: (:2. .,. ,~ta, -.2 , -- 1 .. , -1 _,._ ·1_ _, :(J; . o, o) 
~--
·:.·,'It" 
'4 . )_ 
. . . .. 
.. 
Combinations 
Excluded 
'· 
! 
·'·, t· 
., 
. " 
. ~· 
... 
- - . - . 
... 
. - --. 
~ + • -... - • ' • ' • • •••• J - .... ' ' .' •• J.•··"-~.-- . ·.- .•• -- -: ·-' .. _ . ·· ...... . •- . ... ' . -.· . . . - -- . . . . . .. - ~ _\, :. -~: ':" .... -. . ., - _. .. ~ .. - ~- --
.. 
- ·,,.· 
Step 
Number 
8. 
y 
-
-2 
-4 
0 
-2.,... T - (7, 8) 
.--6:. For J ,_·· 7 ,-_ ,...4. 
a:,. -~-:·4-
-. p· :_i_c:k_ - -:i· = 8 
,;) 0: 
7\. KN. -- 3 
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·, 
- .... 
S --· ( 2, - 2, -2, :-:1, -~ 1, 1= ,. --J.,_ ·3 ,- .,.;_.3-.,-
a- . 
9:. feasible so lu.t ·i.on. 
10 . S.:p In_ . = ·ye:s· 
A -(···1 6--X - -
. ·- - . _, ' _8} 
.. ,.-. ______ Z --: ... $8---------
•~. ZS '."" 8 
. ---
"l 1-~- KN - __ .-3 -~ 
·~·. 
s = (2 , · - 2 , --2 , _;...:_1 __ , - -1: ., 1,, -·o·:_ ,__ -.;;..;_3., --o) 
/ 
ZS -- 8 - 1 - 7· · 
., - .... 
2 .- jf = ·(E~pt'y) .'; ,. 
I 
. . 
.. .: ' 
. ~ .. 
... ,.. .. _._ . ' 
. . • •- • • . ii 
C 
. ., .. , 
··-
Combinations 
Excluded 
_,. 
... 
.. , ... --·--· ---._.-,-,•-·~·- - - ~--- --- -~ 
. 1, .6: t $ 
.. 1 ''. ·f?, 7 :1_ ., _ :6.,.,, 9 
a· 
- - -------- --
). 
. y:. 
.. 
Step. 
Number 
12. 
y 
4 
-5 
-4' 
0 
ZS = 7 - 5 2, 
(7., 8} 
.-4.: 2 +-1 =·: 3_,< 'z 
\ 
·5: 
. . ~ fi.ts:t :s~t· ex.clude.d· f°'.:rom.· T . ' ..... , .... 
11~ KN ·. 1 
·s ·.--· :(·:.tt ,· 
. . . 
12. -5 
y - -4 
-4 
ZS 0 
·o .,_ ,<l-, '(J .,. . (l ,: 
• 
-0: .+ ·4 .+ 3 + l 
" ll • KN ---- . 0 
TER1VIINATE 
:,(:._. --
\ 
., 
•. 
,, 
;~ 1 .. ;. 
1 ·o··. ·- ... . •. , ... ,. 
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0. ·OJ ,,. 
j 
·-
• 
.... 
Combinations 
Excluded 
2··· ·6 7.·· · .3··· 
.. ' .. : ,. ' .(f, 7 
1 4 .. 7 ·2 .. 4· · '7· ·. 
., . .. '- .... ' . , 
I 4 . 8· 2, , 4 · .. ,. 8 
. .. ' .. .' f . 
l .. ,.· 4 , 9 2 ,· ·4 . . 9 
3 J 4:, ,., 
:3. 
·: . , .. ·4, 8 1,.. .5·, ·s: 
3· , ·4 , 9 .l , . :$ ,. 9 
. 2', 5, ·7· ·3 :5:. 7 .. ·
. . ' ' 
.
:2.,. ·5 ::g 
. ' ' 
·' 
-
• . 
l. : . 
--.· 
' . 
,.· .... •, 
._;1.: 
·=, 
, 
..... 
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...... 
:The optimal solutton ... :ts- ·x .·=: -Ci,. 6, 8); that is x 11 - -~2:3: ·-. ~a2 1 
·an·d all other variables ~·qtfa.1 zero·. The optimal value of th·e .. o.bj·e.ct'i'v.e: 
t.Un·c.t.:io,n .is $8 and a.1.1. 27 possible .c~mbipa_ttons have been i.rtl}'.)1.tctt·l.Y. 
·en-:umer,ated. 
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APPENDIX B 
-~ 
... 
Program L "i.s·tJ_-rfg 
(j 
. · .. } 
I• 
.. 
-I· 
i)_ 
.-;.: 
---- ----
------- ------~- ~ •' ·. .. . ----
._t,;· 
·a .. 
• 
-----~-----_--~ -~---·-
., 
.. 
t 
! 
! 
I j. 
i 
! 
I 
I 
I 
l 
... 
. ~-
\ 
• 
... • . 
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• . 
79 
The program listed here is written in Fortran IV for the IBM 
36Q~50 and may b~ used to solve any of the four types of multiple 
choice problems discussed in this paper. The program follows th'e: 
fl.ow charts show1,1 ;·n Figures 2 and 3. 
'/I 
: .. ::rn order to ·use the program on a mult:iple--choice p_rq:bletn:) 
. .. 
ea.c·h muitip1e-c:hoi.ce const;r·at.nt (~et). must contain the :s~rne: numb.er 
:va:riables :into· ·the _proble.m .. · 'The dtiminy ·vftriab1.e.s are en·tere:d· ·with 
l·arg.e cost .coe:ff icien·ts and; z;e.ro 'coe"f.fJci.en't.s i.ri the A matr .. ix. A·Il ;"' 
c,lud~·d :from ·e·ons:i.de·ration at t.h·e· outs.et ·and :.all durnmy va-r'iaJ>l-e.s w:.i.ll 
~-u_toma_ttc·all.Jr. ·equa.l .. ze··ro.· in all .feas:::ibJe: s.olirt.-i:-o·ns·. 
'· 
not- ,input to .the p_:ro_g:;rani. To .pre pare- ·the problem·· ·fo·r input·'·. :( ig- · 
nctrillg the mul:tiPlEi-¢.h:oiC:Ei c:onstta,ints) the problem/is formulated 
a--s. !'c .•. 
n 
Mi-n.:~tnriz e 
.. ··.:; . .. ·---., . •. : z - L C· x. - J J: j=l 
. . ...... __ 
·_;. ' ' 
.su.bj .e"ii-t t:Q Ax.< b ~ 
.,A; 
·,{_' ~----------------·-------~"'--· ---
'-The required" input ·data and.card input sequence for executing the 
---·-~----·------ . ___ , .. ·.· ____ _._ .... __ _ 
-------- -·---·--------------
.- -.· ,· . 
program are as shown on the next page. All inputs are presently 
.: 
'·,.-~ 
... 
"' 
-- -· ·------.~~--.'... .. ·-· -_ ~--·-----·-"·------ · .. -~-----·-·-·-- ... ~----~~ -- ·--~··------. ______ ;.. _____ ~·~ ~---
·~.- ... 
---=-. - --·· ~; .-. 
o'' 
.. - - - -
. . . - . .. ... . 
/ 
SEQUENCE PARAMETER 
1st card M 
. . 
N 
NVS 
PCODE 
.. 
c. 
J . . 
3. .b .. 1. 
4 a .... 
J.J· 
80 
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DESCRIPTION 
Number of inequ~lity 
constraints . 
Total number of variables_. 
Number of vari1bles in a 
set (multiple-choice 
constraint). 
..... 
Problem type (1,2:,.~, or' .4). 
:Compon.ent:s .. of ,the .c:.ost: 
vector: .. 
C.omponents. of ·t)t~ .·b vector. 
:only (n.put c.ompo.nents1 for 
the.- ineg.Qalit·y .¢-6nstraints. 
~ 
iCoe.fficients .of the matrix . ... , . . .. . . 
A. Input one row at: .a · 
t.i..me with each row :started· 
on a new card·. 
·The 'rfrogram· out.puts all. f.~as:it;)l_e· .solutions f:outid p:r:i:o·r· to :t~h.e. 
. J. 
\ .. 
o_pti,J1r~t sol.1ft:_iot1 ·:alo-ng w:ith the ·cor:r~s-pondin,g upper b·ound (ZBAI{) 
t'he letter ·T (t·rue) meaning x. ~ 1 and F {.faI.s·e)· ·-~~;a:ni:ng .xJ:,· ~ Cl • 
. ] ~ 
the optimal solution. 
\, 
. ·" 
------------~~----_J~~-~--~---~-- -~-- ,.-----~--- ----- .------ ____ '.: ••.. -~-· .. -~ .. -,. .~ . .!. 
. ' ,I'··•• ·'"' 
.. 
- ,J,,.f:- • 
•.• _,.,.. ! 
... 
... ,:, 
- ....... ,_. ........... , 
·-' .. : 
.·.,.. 
,c....;c. J~: " "r. 
',~ 
0 '· -~·· 
-· -,--- - .:;__-:-c;: C:-~~-
-
' ~-, _ ......... - ,,,_, 
. . . . :·.:_.---~--=--· -~ .--. ..:···· . .-----~·::"""er>-'-;-_~ 
·• 
• 
-.,: 
- . "':"'·-
. .--z.· 
-... . 
C 
C 
C 
.c 
·:, · 
C 
C 
.. ,:::,..·. 
:C: 
:.c:.· 
C: 
l,p• -~: •• 
. r 
- - - - . , 
, _______ , . 
\ 
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_.--, COM~UTATIONAL PROCEOURE 1 FOR SOLVING MULTIPLE CHOICE INTEGER PROGRAMMING PROBLEMS WITH ZERO - ONE VARIABLES 
BY JOE C. ALEXANDER 
_O. I ME NS I,ON A ( 2 00 ,·4 OO·l ,.B.l 2: 00) , C:f 4 00) , S ( 4QO. :) D I M E NS I ON X ( 4 0 0· ) , Y S ( 2 0 0 l , f S ( 4 0 0 ) LOGICAL X,TS,SOLN I N T E G E K A , B , C , S , Y S 9JZ 8 A R , Z S , T M I N , T Y , P. c·:.oI}J: · NMAX = 400 
MMAX - zoo· 
DO 2 J = l,NMAX 
- p 
~-C ( J) - 0 
A 
DO 1 I = 1,MMAX 
1 A(I,J . .) = 0 
2 CONTIN.UE 
DO 3 I = 1,MMAX 
3 B(ll = 0 
K. ~ A D ( 1 , 5 ) M , N , N V S , PC Q:O:g· 
:W R I T E ( 3 , 4 ) 
-
.4. FORMAT (1Hl)· 
5 F OR:M AT l-16 I 5 ) 
NS. ·= N/ NV S ! 
NVA = NVS - 1 
l{E!_A D· ( l , 5 ) ( C ( J ) , J~ 1 , N ) R·E·Ao ( 1 , 5 ) ( B ( I l, I= 1 , M ) orr 1 1 = 1,M 
. 
. RE AO ( l , 5 ) ( A ( I , J. J , J = 1 , .. N ). 7· coN·r INUE · 
:STEP :ONE 
.; { .. A St = .0 
2':0.0. DO 21 0 J. ;· 1 , ·N: 
St J'·) = 0 
.X l J ) = • ·.F A LS .E •. 
2.1-:{}: c.o.NT I NU·E 
NVT = 0-
SOL.N = .FALSE. ' .. . . 
:DO 230. J = 1,N 
... ·.o·o 2 2 · o 1 = 1 , M 
_, l-F ( A C I , J ) • N E • 0 ) 
·2;.2:0 CO:NT I NLJ_E 
L. A S-1 = L A 5 T + l 
.. , · S ( J ) = - L AS T 
:·2 3:0 ·c:oNT INUE 
fF ( PCODE .GT .1 ). 300 DO 330 I·= 1,M 
,.y:5 .( 1 J = - B ( I ) 
'" 
; 
GO. i-.o. ~,4.Q: 
.\::: 
!' '."- ,-a$ 
. ::·· ---· 
i ... 
.... 
,· 
~. 
.. 
.'.) 
J., 
· __ · .- ;,-_.,..,_ ···· --'-~--"---c"-<!'O",a''.C •_-;,;..c....~·-'--·---• 
_. - .,_ • 
.. 
. . 
.. - -·. ~--·-· ·• 
·330 CONT I NUE 
GO TO 500 
340 DO 360 I~ 1,M 
YS(l) = B(I) 
DO 350 J = l,N 
A(I,J) = -A(l,J) 
350 CONTINUE 
3 6 0 C ON T I N__U E_/ 
C 
C STftP TWO 
C 
500 DO 599 J=l,N 
TS(J) = S(J).EQ.O 
t 
\ 82 \. 
• 
IF (.NOT.TS(J)) GO TO 599 IF (.NOT.SOLN) GO TO 510 IF ((ZS+C,J)).GE.ZBAR) GO ·ro 59·:o· 
~10 IF (PCOOE.GT.l) GO TO 520 D· 0 5 11 I = 1 , M f F (' A ( I , J ) • GT. I ABS { Y S ( I. ) ). l .G::O: TO .. ~ .• 9::0. 5:11 C.ONT I NUE 
-. 
1 GO TO. 599 
·.~· . 
5:'20 IF ( PC ODE. GT. 2) GO· T'O'- 5·) .. 0 GO' TO 599 
:5·3~:o IF {. PC ODE. GT. 3) GO r·o ;59.9· 
DO 5 4 0 I = 1 ~, M JF (YS(I).LT.O) GO TO 535 lf ( A ( I , J ) • GE • 0 ) GO TO 5 4 Q, I F ( I AB S ( A ( I , J ) ) • GT • Y S ( I ) ) 'GO. r·o: 5;-,10: GO TO 540 535 IF (A(I,J).GE.O) GO TO 540 GO TO 590 
:5··4.0 CONT I NU E · 
GOQ TO 5fJ 
·S 9 0 T SJ J ) = ·.FALSE • 
. 59·9 CONTINUE ... ,.· .. -_,J. 
C 
C ·STEP THREE 
:c· 
. ' 
600: Q:Q: 6·l·Q J =· 1, N I. F f TS ( J ) ·) GO T O 6 2 0 :·· 
·6-1:o· tCONT I•NUE 
- G·O T-'O 1300 
' C' 
~c:. ' STEP ,,F(lUR -
:C-
620: 1·F {.NOT.SOLN) ·G·O: T,O 900 
KOST -- -ZS' ·-:·. •: . 
K = l· 
' 
· ... 6-'.~0 IF ( • NOT.TS ( K.) l. ·Go TO· ·6:5·.0 JT :e K - 1 
., 
J_ 
.. 
. ) ,• 
--
.,. 
!. 
·...: . .-.. 
. ·.;,. 
,.~ .. ~~··' 
c· 
I DJ =-· J T-/ NV S 
._ MINJT = ( IDJ*NVS) + 1 
MA.XJT = MINJT ~ NVA 
KOMIN = lElO 
DO 640 J = MINJT,MAXJT 
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IF (.NOT.TS(J)) GO TO 640. 
IF ( C ( J) • GT. KOM IN} GO TO t?:4·:0: 
KOMIN = C(J) 
640 CONTINUE 
KOST= KOST+ KOMIN 
IF (KOST. GE. ZBAR) GO TO :1.3:.·0.o: 
K = MAXJT + 1 
GO TO 660 
650 K = K + 1 
6 6 0 I F ( K. GT. N ) GO T'Cl 9-Q{if 
GO TO 630 
C .. STEP FIVE 
c. 
90:0 K == 1 
.. · ·. 
: 9 l_: 0 l F C S C K ) • N E • 0 ) GO ~ro ~l4:(): 
.JF ·= K - 1 
:"fO J F = J F /NV S 
MINJF = (IDJF*NVS) + 1 
MAXJF = MINJF + NVA 
. . . 
00 920 J = MINJF,MAXJF · 
.J .F ~- TS ( J ) ) GO TO 9 3 0 
:9'2.0 C: ONT I NU.E 
'.GO TO 1300 
:930 K = MAXJF + l 
940 
95:0. 
GO TO 950 
K = .K + 1 
lF CK.GT.N) GO TO 960 
GO TO 910 
·9:6·0 IF (PCODE.LT.2) GO T:(l 7":00·. 
-o·o 9 9o 1 = 1 , M 
I-F (YS(I}.GE.Q) GO T-0; 9.·9.0 
:·K :y'!} ,: Y S ( I ) 
K = 1 
I F ( • N O T ~ T S ( K ) ) :Ci O "T O 9~:8.-:S 
J T = K. - 1 
I DJ = JT /NVS· 
MI NJ T = C I D.J .. *.N:V.S·J + ·l 
MAXJT = MINJT + NVA 
KAIJ = -lElO 
DO 980 J = MINJT,MAXJT 
I F ( • NOT • TS ( J ) ) GO .TO 9 8. Q: 
l F ( A ( I , J ) • L T • KA I J ) . G.O T O ·'.9 ·8 O; 
' ~ . . -. -. . ··-. : 
KAIJ = A(I,JJ 
CONTINUE 
· .. ·~· 
-i· ·,·· 
. :.; ... 
,:,. 
I!/ 
··:,~-·:··' 
.. : II: . 
...... . 
t ,1k · 
,··. . 
. .. .. 
•.. .. : 
\ .. 
, ... : 
1 
•:;. 
... -
,\. 
':T?';f'•,.....,i __ ----.;;~===:-:-:-------------
•. 
f 
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CK:Y = KY + KAIJ 
K = MAXJT + 1 1 
GO TO 988 
9·85 K = K + 1 
988C...I-F ( (K.GT .N) .AND. (KY.LT .O)) Go: ·r.cJ 13'.0:o·, 
IF (K.GT.N) GO TO 990 
GO TO 970 
9.90 CONT I NUE 
·'C 
·(; STEP SIX 
:e: 
. -
7·00 TM IN = -1 El 0 
DO 730 J = 1,N 
IF, (.NOT. TS ( J .. ) ) GO ro: 7-3·.o: 
TY= 0 
DO ,710 I = 1, M 
T Y = T Y + M I NO ( 0 , Y s· ( I ) + A (. :I :, -J :f ) 
·7J:0 CONTINUE 
_I ·_F (TY.LT. T M-1 N) GO T:O 7 3.:0 
IF (TY.GT.TMIN) GO ~O 726 lF (C(J).GE.C(JO)) GD JO 730 7.2·.o T.M I N = TY 
JO = J 
7·_3Q_ C-ONT I NU E 
C 
-C S.T E P" :s E·v·.E N: 
C 
BQ(J 
.. (: 
·.·._a:1:·o· 
,;., ·c 
.·:. -.....:~ .. 
L A S T === L.t.t5 :T +· l 
s: :(. J o· > =- t A s r ... . . . . . 
- ... 
X l J 'O ) -= • T RU .E -.: 
J_ I = JO - l _ 
t O· = J 1/NVS 
M I. N J O = ( I ·o·* N V $ -) 1 + -i . - - • . 
- I , 
MAXJO = MINJO +· NVA-00 810 .I = MINJO,M_AXJ··O 
IF (l.EQ.JO) GO TO 810 
I F ( S ( I ) • L T • 0 ) GO TO :8.-l Q 
S(l) = -LASl 
CONTINUE 
C 'STEP EI .GHT 
C 
N:·v.r·: -~ :N:-v r· -+ 1 
o·o 830 .I .- I;M· 
=y·s ( r- ·) . = Y St I). + A(: l :, ~J_O ) 
- 810 CONTINUE . 
1:p f ·soLN l Z'S ·= zs + C fJ.O.J 
.. c. \. 
'· 
-1. 
.. 
' . 
) . 
·/ -. .,. · ... ~ .............. . 
., ... -. '~ .... }"" 
C, 
-c·-· 
l-F' f { N V T • E Q • NS ) • AND .. ( PC o:_o E • E Q • 1 ) > GO f·:o·'. 1 2 0. 0., 
....... 
. '.:\ 
·· .. \ 
-~· 
•. -
··:.-:c::'.'~~.,--~~~~-a:,---__ .,.,,.,..,-.,~,~----'"'--'*"--....=-. 
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IF (PCOOE.EQ.l) GO TO 500 IF (NVT.LT.NS) GO TO 500 DO 840 I ;: 1,M 
IF (YS(I).LT.O) GO TO 500 840 CONTINUE ' 
C 
C STEP TEN 
C 
.12:00 
1.205 
··12.06 
1.2.07 
1210 
1·220 
, ·c· 
IF ( SOLN J (;O ·To· i2:0:6 
ZBAR = O· 
DO 1205 J = 1,N I F ( X ( J ) ) Z B A K = Z 8.-AJ~ ·;:-· C ·.( J. l CONTINUE 
SOLN = .TRUE • 
. Z.'S = ZBAR 
.GO TO 1207 
ZBAR = ZS 
WRITE ( 3, 1210) FORMAT ( 18HOFEAS·1BLE SOLUTI.ON·) . . . ' . - .... WR IT E ( 3, 12 11 ) ( X ( J ) , J =:l ,_. N.) FORMAT ( lH 8 ( lX, lOLl)) WRITE (3,1220) ZBAR FORMAT(6H ZBAR=,I10) 
c· ST E.P E.·L.E.VE N 
:c . 
.. 1.3:00 :MJ~·AX: - 0 
00 1310 J =1,N I F ( S ( J ) • L E • MM A X ) ·G·O T O :l :3,J:(J. MMAX =.S(J) 
JMAX = J 
l.~JO CONTINUE 
·( 
' 
I F ( ( MM A X • E Q • 0 ) • A N D • ( S O L· N ) .) · GI:l T ·O 1<·3 6.:0 IF - ( ( ~,MAX.EQ.O} .AND. ( .NOT •. S:(JL:N:J.) ·G.O: ·r·o 13·40. . . .. ·. .. ~- ... ·. S(.JMAX) = -MMAX 
.X.tJMAX) ~ .FALSE. 
. 
. 
tAST = MM-AX 
, :, --~ ..... - ' 
I 
,.!-·_·-:·· .... ·.:·;·--. 
.,_.• :.a~· DO 1320 J = 1,N 
IF .(J.EQ.JMAX) GO TO 1320· I F ( I ABS ( S ( J } ) • LT • LA ST ) ,·GO :T .o: .1 :3.2:,-0 .. 
, ,. :::c; "' tss ( J, > = o . 
' . .;,·, . . -, . .· •• ,.:J " 
. } 
'.I · l,32 o:·· CDN~J I·Nu·E 
. 
.1 
. ;I · _, -C ,,:,. · , 
-.. 
,· ; :''. ·.· . .:'· \ . .· •' . . . . . . ' . ,. . . ,. i . 
·· -C .. ,:,·STEP T·,WE L V.·E 
.· .. , ."' : ' .:C.,.i ..... , ·-% .c;., .. "''· 
.,·· •. ';;·, 
, . ,cl,>c, N' .- v··· r· , .. _ . -N" V 1·. 
. 1 , .. ·' . :;,:: '. .. •. 'lw ,,;,.:., .. :'. • ,, \:, J, . . ,7 1 
. . 
.• ~:. -
. 
.. . ;:., , ... '.,.·· .. ,.. ,. ),/,[)Q' ,,1·330· " .. l~t M . • .•. ,. • t,.l' .,,, . .. . 
' ,· . 
. ' . . ' ·' ·,.i.-·~ · ,,.<' .· 
. _.··\y·5;(il-)- = /"S'( I) - A ( [, J'.MAX) •. . . ,f- ;. :" ·, . \' .. <.. ' ,, 
' • ,. 
• 
• 
, 13·3 (J. · CIJN T I N_u·E. J ,: . 
-
. . J_.. ··'.: -' ''; • : . 
. • . 
.,.,.,, ,,,, ' 
.... 
{ 
.. 
. t,f (SdtNf'.ZS = ZS - C(JMAXl ,' . . . ;:· .,. , .. , - . .. . C . . - ·,;, .. , ·:,. .. . . •,11 ·,,?,) '::Ji 
.· -
. ..., ' r ~ : '; ;· .. 
-:, ,::'{ ,;: :.:'_' 
"" 
. ., .,. /µ\-,)}>·--. 
' . :.l / ' '' . ' " ,. ' ' "'' -~;;, It 
•• • , ','}' ',1 l • •• ; 
r •" 
.• • ·c..,t' ?~;.:~~-
. ~'!i .•' ~: 
. . _.,.,~; 
' 
'' ,. ,,, ,,o-,1. 
' 
/ 
ill • I 
.. \ 
,. ·i .. 
. _;J, -
,. .... 
C. STEP THIRTEEN 
C 
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1400 L = 1 \410 IF (S(L}.GE.O) GO TO 1440 LM = L + NVA 
·- DO 142 0 J = Lt L M IF (S(J)!GE.O) GO TO 1430 
Ji4,:2 0 C ONT I NU E 
GO TO 1300 
1:430 L = LM + 1 
GO TO 1450 
·14..40 L = L + NVS 
.145:0 . 1:F ( L. GT. N) GO T:Q :5r:o·o: 
c;·o· T O 1 4 1 0 
C '\ 
1-3·4.:Cl: 
135.0 
\~ R 1 T .E ( 3 , 1 3 5 o ) F.ORJ"1A T ( 21 H NO F.~_A·-S . .I 'BL E: ·:so:L:U'T 1.:oN J. 
T 13 1J 
·'· 
... .. 
13-.:60 
1.3.7'0 
l:3·ao 
WR I. T E ( 3 , 1 3 7 0 ) FORMAT I 43HOOPT !MAL SOLLJ'TlCiN 15 LAST ff:ASIBI...E SOLl)TION) STOP 
END 
j .. i'I 
•• 
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